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' Abstract. Let X'^^^\ds) be an R''- valued homogeneous independently scattered 

. random measure over M having /i as the distribution of t -I- 1]). Let /(s) be 

a nonrandom measurable function on an open interval (a, b) where — oo ^ a < 6 ^ 
oo. The improper stochastic integral /^^ f{s)X'^^\ds) is studied. Its distribution 
<i>/(/i) defines a mapping from ^ to an infinitely divisible distribution on W^. Three 
modifications (compensated, essential, and symmetrized) and absolute definability 
are considered. After their domains are characterized, necessary and sufficient 
conditions for the domains to be very large (or very small) in various senses are 
given. The concept of the dual in the class of purely non-Gaussian infinitely divisible 
1^ ' distributions on is introduced and employed in studying some examples. The 

, T-measure t of function / is introduced and whether r determines $/ is discussed. 

Related transformations of Levy measures are also studied. 
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^ ■ 1. Introduction 

\ In Sato (2006a, b,c) the improper stochastic integral f{s)dXs^\ or 

O ; /o°°" f{s)X^'"\ds), is studied. Here XT' is a Levy process on with distribution 

■ /i at time 1 and X^'-'-^ (ds) is the homogeneous independently scattered random mea- 

- - sure associated with xi'^\ /(s) is a nonrandom function locally A^^'-integrable on 
the closed half line [0, oo), and Jp°° is the limit in probability of as i — > oo. Let 

' ^(y) denote the distribution of a random element Y. Let ID{M.'^) denote the class 

^ I of infinitely divisible distributions on M''. Given a function /, we define a mapping 

$/ from a subclass of ID{R'^) into ID{R'^) by $/(//) = £ /(s)A('^) (ds)) . 

Such a mapping appears in many papers. With /(s) = e~'^, it appears in the repre- 
sentation of selfdecomposable distributions (see Rocha-Arteaga and Sato (2003) for 
references); with /(s) = log(l/s) for s G (0, 1), it appears in the representation of 
the Goldie-Steutel-Bondesson class on R'' (see Barndorff-Nielsen and Thorbj0rnsen 
(2002, 2006b) and Barndorff-Nielsen, Maejima, and Sato (2006)). In Sato (2006b) 
a family of functions fa{s) with a > such that, as s | 0, fa{s) ^ log(l/s) for all a 
and, as s — > oo, fa{s) ^ ce~* with a constant c > for a = and /q(s) ^ (as)^/" 
for a > 0, is studied. In Aoyama and Maejima (2007) the function /(s) for < s < 1 
defined by s = J^^^{2n)~^^'^e~^ /^du (hence /(s) ^ oo as s | and /(s) — oo 

as s f 1) is utilized in the representation of the class of type G distributions on R'^. 
In the case of the last example and in the case /(s) = log(l/s) for s € (0, 1), we 
define /(s) to be for s G {0} U [1, oo). Then the functions in all these examples 
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are locally X^'^^-integrable on the closed half line [0, oo) for all /i G /Z?(R'^), so 
that they are in the framework of Sato (2006a, b,c). However, it would be more 
natural to consider an open interval (a, b) with —oo ^ a < 6 ^ oo and a func- 
tion f{s) locally X*^^)-integrable on (a, 6) and study improper stochastic integrals 
Ia+ f{s)X^t'\ds), the limit in probability of /(s)X(^)(ds) as p j a and g T ^- In 
this paper we carry out the study of improper stochastic integrals of this type. Ex- 
amples such as /J^ (sins)~^X(^)(c?s) and JJ^ {cot s)X^'^^ds) are in our mind; for 
some fi these integrands extended to [0, oo) with the value outside of (0, tt) are not 
locally X'^'^^-integrable on [0, oo). The improper integrals e*^*X(''^((is), t £ M, 
for stationary Ornstein-Uhlenbeck type processes in Maejima and Sato (2003) and 
iZoii* - - i-s)+")X^''Hds) (0 < a < 1/2, M+ = u VO), t e R, for fractional 
Levy processes in Marquardt (2006) are also included in our framework. 

In Sections 2-4 we study improper integrals f{s)X^'^\ds) in general. It is 

largely parallel to the treatment of f{s)X^f^'>{ds). Three modifications, that is, 
compensated, essential, and symmetrized improper integrals, are defined in addition 
to the usual improper integrals. They induce transformations of infinitely divisible 
distributions defined by 

<i>f{p)^c(^j'^ /(.)x(^)(d.)^ , 

rl 

$/_c(/^) — the set of distributions of the compensated limits of / f{s)X'^'^\ds) 

Jp 

as p i a and q 1 

rq 

^f,csi^J') — the set of distributions of the essential limits of / /(s)X^''-' (ds) 

Jp 

as p i a and q 1 b, 

$/^sym(/i) = C ^symmetrized limit of J f{s)X^'^\ds) as p J, a and q 1 bj . 

We describe the Levy-Khintchine triplets of these images and the domains D($/), 
S)($/^c), £'('&/,cs), and S)($/^syni). Some distributions ^ in T){^f) satisfy a con- 
dition called absolute definability of J^^ /(s)X(^^ (ds). Let 

S)"($/) = 1^*: f{s)x'-''\ds) is absolutely definablej . 

In general 

S°($^) C S{^f) C D(<f/,e) C I)($/,es) = S)($/,sym). 

Among these, £•"($/) and £>($/. cs) play especially important roles in further study. 
The relation of these definitions to the previous ones in Sato (2006a, b,c) will be 
given in Remarks 13.161 and 14.101 

Sections 5-9 deal with special problems. In Section 5 we introduce the concept of 
the dual in the class of purely non-Gaussian infinitely divisible distributions on R"*, 
and study some improper stochastic integrals on a finite interval by transforming 
them to those on an infinite interval with respect to the Levy process with the dual 
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distribution at time 1. We call ji' e IDiW'') with Levy-Khintchine triplet (0, v' , 7') 
the dual of /i e ID{W^) with (0, i/, 7) if 

v'{B) = I lB{i{x))\x\'^v{dx) 

"'R''\{0} 

and 7' = —7, where t(a;) — \x\~'^x, the inversion of x. 

In Section 6 we seek conditions in order that the domains are very large. Specif- 
ically, the condition for the domains being the whole class ID{W^) is given. This 
amplifies some results in Barndorff- Nielsen and Perez- Abreu (2005). Other con- 
ditions such as for /Dab(IR'') C £i($/,os) and for IDab{^'^) C 2)°(«'/) are given 
and the relations of those conditions are discussed (see below for the definition of 
J-Dab(K.'^))- Conditions in order that the domains are very small are also consid- 
ered. 

For a real-valued measurable function / on (a, h) we introduce the measure r 
given by 

t{B) = / l{/(,)gB}ds, 
J a 

and call it the r-measure of /. In Section 7 we study whether t determines 2D($/) 
and its variants and <&/(/i) and its variants. Roughly speaking, the answer is yes for 
£)'^(<i>/) and £)($/,cs), but no for J)($/). Further, under some conditions including 
decrease of /, we address the problem whether r determines /. The r-measure is 
a development of ideas in Aoyama and Maejima (2007) and Barndorff-Nielsen and 
Thorbj0rnsen (2006a,b). 

In one dimension the class of infinitely divisible distributions concentrated on 
[0, 00) is important in theory and applications. Its multivariate analogue is given 
with [0, 00) replaced by a proper cone K in R''. Some results in Section 6 para- 
phrased for such distributions are given in Section 8. 

In the transformation from fj, G ID{R'^) to Jl = $/(/J.) G ID{R'^) their Levy 
measures ly and J? are related as 

V{B)^ [ ds [ lB{f{s)x)v{dx) = I v(-B]T{du) (1.1) 

J a JR<i Jr\{Q} \U J 

for Borel sets i3 in R'' \ {0}, where r is the r-measure of /. Defining ^/(z^) by 
*/(^) = study in Section 9 the relation between f and $/, es, and give 

counterparts of some results in Sections 6 and 8. The transformation of the form 
of the right extreme of ()1.1|) is introduced by Maejima and Rosinski (2002) for the 
standard Gaussian distribution r and by Barndorff-Nielsen and Perez- Abreu (2005, 
2007) and Barndorff-Nielsen and Thorbj0rnsen (2006a, b) for measures r on (0, 00). 

Let us prepare some general concepts used in this paper. Let fl{z), z G R'', be 
the characteristic function of [i. Let C^(z) be the cumulant function of /i € 1D{W^'). 
That is, C^{z) is the unique complex-valued continuous function on R'' satisfying 
C^(0) = and 'p{z) = e^^''^^K Sometimes we write Cx{z) = C^,{z), using an R''- 
valued random variable X with C{X) = (i. We use the Levy-Khintchine triplet 
{A, 7) of /i in the form 

C,{z) = Az) + £ - 1 - ^qfjj) ^{dx) + z), (1.2) 

where A is a d x d symmetric nonnegative-definite matrix, is a measure on R'^ 
satisfying z^({0}) = and /jjdda;^ A V)v{dx) < 00, and 7 is an element of R'^. We 
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have one-to-one correspondence between fi and {A, u, 7). Let /x = f^(A,v.'y) denote the 
distribution corresponding to {A, 1^,7). The measure v is called the Levy measure 
of /u. The distribution /x € ID{U.'^) with A = is called purely non-Gaussian. Let 
IDo{R'^) denote the class of purely non-Gaussian infinitely divisible distributions 
on R"^. Following Sato (1999), we call fx = ^(A,u,-y) 

of type A if A = and (/(M"^) < 00, 

of type B if A = 0, i^{W') = 00, and / \x\iy{dx) < 00, 
of type C if A 7^ or / |x|z^(rfa;) = 00. 

J\x\^l 

The class of /x e /D(R'') of type A or B is denoted by 7Dab(K'')- Sometimes we 
omit R'* in the notation ID{R'^), IDo{R'^), and IDabI^'^)- 

If /i = /i(A.p.7) in /-D(R'^) satisfies J^^^^i \x\p{dx) < 00, then there is a unique 
7" e M'^ such that 

C/. W = -^(^. M + I (e^^^'"^ - 1) <dx) + i(7°, a), z G R"^. (1.3) 

We express this fact by saying that ^ has triplet [A, v, 7^)0 (see Remark 8.4 of Sato 
(1999)). This 7° is called the drift of /x. 

Let Lvm(7D(M'^)) denote the class of Levy measures of distributions in ID{R'^), 
that is, Lvm(/D(R'')) is the class of measures jy on M."^ satisfying i^({0}) = and 
/]jd(|a;p A l)i'{dx) < 00. Similarly, let Lvm(/£'AB(K'')) denote the class of Levy 
measures of distributions in ID ab(^'^), that is, Lvm(/DAB(IR'')) is the class of 
measures 1/ on R** satisfying /^({O}) = and /jjd(|a;| A l)i/{dx) < 00. 

Equalities among random variables are always understood to be almost surely. 
We use the words decrease and increase in the wide sense allowing flatness. When 
we say that a function is real-valued or R-valued, the values 00 and —00 are not 
allowed. The class of Borel sets in R'^ is denoted by B{R'^). The class of bounded 
Borel sets in R is denoted by B^. The class of Borel sets B in (a, b) such that 
inf a; > a and sup a; < 6 is denoted by B9 .n. We simply write (2006a), (2006b), 

and (2006c), indicating Sato's respective papers. 

Inspired by some results in Barndorfi- Nielsen and Perez- Abrcu (2005), the author 
sent three memos to a small circle in January 2005. Some theorems in Section 6 
are developments of those memos. This paper has grown up from that part. The 
author thanks Makoto Maejima, Victor Perez- Abrcu, and 01c Barndorfi- Nielsen for 
having constant interest in this study and for informing him of their related results. 
He also thanks Jan Rosinski for giving him valuable remarks to the manuscript. 

2. Stochastic integrals of nonrandom functions 

First we give definition and existence of homogeneous independently scattered 
random measures. 

Definition 2.1. A class X = {X{B): B G B^} of R<*-valued random variables 

is called an independently scattered random measure on R if (1) for any sequence 
Bi, B2, ... of disjoint sets in B^ with U^i G B^, J2^=i ^{Bn) converges a. s. 
and equals -^(U^i Bn), (2) for any finite sequence Si, . . . , B„ of disjoint sets in 



B^, X{Bi),...,X{Bn) are independent, (3) X{{a}) = for every a € R. It is 
called homogeneous if, in addition, C{X{B)) = C{X{B + t)) for all S e and 
t e R. (It follows from (1) that X(0) = 0.) 

If X = {X{B) : B S B^} is an R'^-valued independently scattered random mea- 
sure, then C{X{B)) G ID{R'^) for all B e Sg. 

Proposition 2.2. For ant/ G IDiW^) there exists a unique (in law) R'^-valued 
homogeneous independently scattered random measure X = {X{B): B S Bg} on R 
such that C{X{{t, t + 1])) = n for all t G R. 

See Rajput and Rosinski (1989), Sato (2004), or Maejima and Sato (2003) for 
the proof. 

Fix fi = M(A,i.,7) G ID{R'^) and let X^**) = {X^i'^B) : B G B^} be an R'^-valued 
homogeneous independently scattered random measure such that C{X{(t, t+ 1])) = 
/U. Let (a, b) be an open interval with —oo ^ a < b ^ oo. The following definition 
of integrals with respect to X^^^ is similar to that in Urbanik and Woyczynski 
(1967), Rajput and Rosinski (1989), Kwapien and Woyczynski (1992), and Sato 
(2004, 20G6a). 

Definition 2.3. Call /(s) a simple function on (a, 6), if /(s) = J2^=i '''j^Bjis) for 
some n, where Bi,...,Bn are disjoint Borel sets in (g, 6) and ri, . . . , r^ G R. For a 
simple function /(s) of this form, define 




for B G An R- valued measurable function f{s) on (a, b) is called locally X^f^^- 

integrable on (a, b), if there is a sequence of simple functions /„, n = 1, 2, . . ., on 
{a,b) such that fn{s) f{s) Lebesgue almost everywhere on {a,b) as n ^ oo and 
that, for every B G B^^ the sequence /g /„(s)X('^^(ds) converges in probability 
as n — > 00. The limit is denoted by f{s)X^'^\ds). 

Using the Nikodym theorem, we can prove that if f{s) is locally X'^^'^-intcgrable 
on (a, 6), then, for every B G B^^ i^y Jgf{s)X'^^'\ds) does not depend on the 
choice of the sequence of simple functions satisfying the conditions above. If f{s) 
is locally X'^^'^-integrable on (a, 6), then, for p and q satisfying a < p < q < b, 
/(^^^,/(,s)X(^)(ds), 4^)/(.)X(^)(d.), J^^^^yf{s)X('^){ds), and j\^^^f{s)Xi'^\ds) 

are identical almost surely; they arc denoted by /(s)X(^'((i,s). 

Definition 2.4. Let L(o^(,)(X('^)) denote the class of locally X^'^'-integrable func- 
tions on (a, b) . 

Proposition 2.5. If f £ L(„,b) (X^'^)), then 
p 

\C ij.{f {s)z)\ds < oo, z &R''- for all p,q with a < p < q < b (2.1) 
and 

Cj^f^,^xi.Hds)iz)= f C^{f{s)z)ds, zeR^ forBeBl^.y (2.2) 
See Proposition 2.17 of Sato (2004). 

5 



Theorem 2.6. Let f(s) be an R-valued measurable function on (a, 6). 

(i) Suppose that A ^ 0. Then f e L(„j,)(X''^)) if and only if 

I f{s)ds<oo for all p, q with a < p < q < b. 
Jp 

(ii) Suppose that ^ = 0. Then f G L(n f,) (X^'^-') if and only if 

ds (|/(s)a;p A 1) i^{dx) < oo for all p, q with a < p < q < b, 



fish- 



1 



l + |/(s)2;|2 l + |x|2 
for all p, q with a < p < q < b. 



v{dx) 



ds < 



(2.3) 

(2.4) 
(2.5) 



Proof. Let 



(p{s,u) ^ u'^tr A+ (|Mxp A l)i/(da;) 



+ 



UJ + U X 



1 



1 + ux' 



1 + bp 



v{dx) 



(2.6) 



Then / e L(„,b)(X(^)) if and only if 

/ (y9(s, f{s))ds < OO for all p, q with a < p < q < b. 
Jp 

See (2006a) for the proof. Property (12. 7p is equivalent to saying that 
i-q 

/ ./(s)^ tr Ads < oo for all p, q with a < p < q < b 
Jp 



(2.7) 



(2.8) 



together with ([2^ and ([2?5|l . 

(i) Suppose that A^^O. Since trA > 0, ([2?8ll is equivalent to ((2?3| . Since 



ds / (|/(s)xp Al):/(dx) s$ / {f{s f + l)ds {\x\^ A 1) iy{dx) 



([^ follows from (H^]). Further, 



|/(s)Mss=: (g-p) / |/(s)|^ds 



1/2 



< OO. 



Thus, (|2.5p also follows from p.3p . since we have 



ds 



/(5)a: 



1 



1 



l+|/(s)x|2 l + |.x|2 

/(s)x(|x|2 + |/(s).x|2)^(da;) 



i'{dx) 



(l + |/(s)x|2)(l + |a:|2) 
< cx) for all p, g with a < p < q < b, 



l + /(5)^ 



ds 



|a;|2jy(da;) 

TTRF 



using r/(l + r2) < 1/2 for aU r ^ 0. 

(ii) Suppose that ^4 = 0. If / G L(a,6) (J^^''^), then ([23) and (US]) hold, as 
we have seen above. Conversely, assume that (|2.4p and (|2.5p hold. Then (|2.8p is 
satisfied since tr^ = 0. Hence / G L(q (,) (-''^'■^'')- O 



Remark 2.7. Suppose that A = Q. Then / e L(„^b)(X('^)) if and only if (EH) holds 
and 



1/(^)1 



7 ■ 



x\f{s)x\'^v{dx) 



with a < p < q < b. 
Indeed, since 



ds < oo for all p, q 



(2.9) 



ds 



f{s)x \x\ 



(l + |/(,)^|2)(l + |^|2) 

(1231) is rewritten into ^M- 



v{dx) 



ds 



l + \x\ 



;v{dx) < oo, 



Remark 2.8. In all cases (irrespective of whether A = or not) condition (|2.3p . 
that is, local squarc-intcgrability on (a, b), is sufficient for / e L(a ft)(X*^^)). See the 
proof of (i) of Theorem 12.61 



Proposition 2.9. Suppose that f e l,(^a.b){X^^^)- Let (A«,i'9,7«) be the triplet of 
/(s)X(^)((is) for a < p < q < b. Then 



Al = / fisfAds, (2.10) 
Jp 

iy^{B)=rdsf lB{f{s)x)iy{dx) for B e B[«^) with Q B (2.11) 

See Corollary 2.19 of (2006a). 
Let us consider the case of I Dab ■ 

Theorem 2.10. Suppose that /i G IDab(^'^)- Let f{s) be an M.-valued measurable 
function on (a, 6). Then the following statements are equivalent. 
(a) /eL(,,fc)(X(^)) and 

'"^ f{s)X^''\ds)] e /L»ab(K'') for all p, q with a < p < q < b. (2.13) 



(b) The Levy measure v and the drift 7° of fi satisfy 



/ {\f{^)^\ ^ 1) v{dx) < 00 for all p, q with a < p < q < b, (2.14) 



\f{s)j'^\ds < 00 for all p,q with a < p < q < b. 



(2.15) 



Proof. Assume (a). We use Propositions 12.51 and 12.91 The triplet (A^, 1/^,7^) of 
/p' f{s)X'-''^ds) satisfies A« = and 4<i(|a;| A l)i^^{dx) < 00. We have ([2l4l) since 

"ds f {\f{s)x\Al),^idx)^ [ {\x\M),,;{dx) 



from ((2?TT|) . We have 

^> r \c^{f{s)z)\ds 



ds 



(e*<-^(")"^"> -l)i/(dx) + (/(s)z,7°) 



and 



where 



ds / |e'</(«)^^^) - 1| „{dx) s; /i + I2, 



h= ds \{f{s)x,z)\l{\f(^s)xKi}'^{dx) 
Jp Jr<' 

i^\z\ f ds f |/(s)x|l{|j(^)^|^i}j/(da;) ^ |z| /" dsf {\f{s)x\ A 1) iy{dx) < 00 

Jp JR<J Jp jRd 

and 

l2 = 2 f dsf l{|j(^)^|>i}i/(dx) < 2 / dsf {\f{s)x\ A I) iy{dx) < 00. 

Jp Jr<j Jp Je<* 

Therefore 



(/(s)7°, z)|(is < 00 for all z. 



Choosing z = {Sjk)i^k^d, we see that 7° = (7")Kj^<i satisfies |/(s)7°|ds < 00. 
Hence ((2?T5l) is satisfied. Thus (b) is obtained. Note that /(s)X(^)(ds) has drift 



(2.16) 



(7°)? = / fi^h^ds. 
Jp 

Conversely assume (b). We have 

dsf {\ f{s)x\^ Al) i^{dx) r ds f {\f{s)x\ A I) iy{dx) < 
Jk'' Jp 

Since 7° = 7 — J^d x{l + \x\'^)^^i'{dx), we have 

1 1 



ds 



/(s)7+ / /(s)a; 



/(s)7" ■ 



1 + |/(s):e|2 1 + |x|2 



i>{dx] 



l + |/(s)a;| 



;iy{dx) 



which is finite. Indeed, we have (|2.15p and, using (l + r^) ^ ^ 2(1 + r) ^ for r > 0, 
we have 



ds 



^^^^^"^^ Mdx)^2 r ds 



l + \f{s)x\ 



l + \fis)x 



■v{dx) 



^ 2 / ds I (|/(s)a;| A l)v{dx) < 00. 



It follows from Theorem HH that / £ L(„,b) (X(^)). The triplet (A«,i/«,7«) of 
/J/(s)X(^)(ds) satisfies A? = and (ETT]). Thus 



\x\ A I) v^idx) ^ I ds I {\f{s)x\ A l)i^{dx) < 00. 
Hence we obtain (|2.13p . 



□ 



3. Improper stochastic integrals on (a, b) 



Fix —oo < a < 6 ^ oo. Let us define improper stochastic integrals on (a, 6) with 
nonrandom integrands and their modifications. For (a, b) = (0, oo) Cherny and 
Shiryaev (2005) study stochastic integrals up to infinity (with random integrands 
in general) in semi-martingale approach, but we are treating a simpler situation 
without using semi- martingales. Let fj, = ij>(a,v,j) S ID{R'^) and let X^'^^ be as in 
Section 2. In this section throughout, we assume that f e L((j (,)(X ('*)). 

Definition 3.1. We say that the improper stochastic integral on (a, &) of f with 
respect to X*-^^ is definable if f{s)X^'^\ds) is convergent in probability in M'' as 

p I a and q '] b. The limit is written as /^^ f{s)X^'^^ds) and its distribution is 
written as $/(At). 

Definition 3.2. We say that the essential improper integral on {a,b) of f with 

respect to X^^^ is definable if there is a nonrandom K^'-valucd fimction g{p,q), 
a < p < q < b such that f{s)X'^'^\ds)—g{p, q) is convergent in probability in 
Bs, p [ a and q^ b. Notice that there is a freedom of choice of g{p,q). Let es(M) 
denote the class of the distributions of all such limits. 

Definition 3.3. We say that the compensated im,proper integral on {a,b) of f with 
respect to X^'') is definable if there is 6* € R'' such that f{s)X'^f'*^-'>\ds) is 
definable. Here S-e is the distribution concentrated at —6. As there may be a 
freedom of choice of 6, let $/,c(m) denote the class of the distributions of all such 
limits. 

Definition 3.4. Let X'^^" be an independent copy of X^'^\ We say that the 
symmetrized improper integral on (a, b) of f with respect to X^^^^ is definable if 
Ia+ f{s){X^>'^ids) - (ds)) is definable. Let $/,sym(/u) denote the distribution 
of the limit. 

Note that ^f{^j) and <I'/,sym(/^) are elements of ID{W^), while <i>/_cs(/^) and 
$ /, c(a*) are subsets of ID{W^). Thus we consider $ / and $ gym as transformations 
of fj, G /Z)(M'^) into 7Z)(M'*), and $/,es and $/,c as transformations of n G ID{R^) 
with values being subsets of ID{M.'^) . 

Sometimes we say that $/(/x) is definable if £^ f{s)X<^t'\ds) is definable. We 
say that i>/, es(At) [resp. i>/, c(a*)) "i^/, sym(M)] is definable if the essential [resp. com- 
pensated, symmetrized] improper integral on (a, b) of / with respect to X^^^^ is 
definable. 

Theorem 3.5. The following three statements are equivalent. 

(a) $/(Ai) is definable. 

(b) For each z € M'', C^{f{s)z)ds is convergent in C as p i a and q'\ b. 

(c) The triplet {A, v, 7) satisfies the following: 

b 

f{s)hvAds <OQ, (3.1) 

I ds I {\f{s)x\^ M)v{dx) <oo, (3.2) 

7p is convergent inM.''' as p I a and q ^ b. (3.3) 
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(3.4) 



Proof. Similar to Proposition 5.5 of (2006a) and Propositions 2.2 and 2.6 of (2006b). 
Here the equivalence of statement (c) is based on an analogue of Lemma 5.4 of 
(2006a). □ 

Theorem 3.6. $/.os(m) definable if and only if (|3.ip and (|3.2p hold. 

Proof. Similar to Proposition 5.6 of (2006a). □ 

Theorem 3.7. <i>y.c(/i) is definable if and only if (|3.ip . p.2p . and 

is convergent in with some 7' G M'' as p i a and q ^ b. 

Proof. This theorem follows from Definition [5751 and Tlieorem [3.5l □ 

Corollary 3.8. Suppose that f{s)ds is convergent as p I a and q ^ b. Then, 
^f,cifJ') 'is definable if and only if^f(fi) is definable. 

This follows from Theorems 13.51 and 13 . 71 

Theorem 3.9. $/.sym(M) is definable if and only if (j3.ip and (j3.2p hold. 

Proof The law of /J f{s){X^l'^ds)-X(■^'^'i{ds)) has triplet (2^?, (i'«)sym,0), where 

(z.p«),y^(i3)==z.«(B)+z.«(-i?). (3.5) 

Hence the condition for definability of sym(/^) is the same as p.ip and (j3.2p . □ 

Theorem 3.10. // ^/(/i) is definable, then $/(/i) /las triplet (A^,i'^,7^^) (7wen 
6?/ 

Al^ f fisfAds, (3.6) 



vl{B)^ ( ds [ lB{f{s)x)i^{dx) for B & B{W^) with Q ^ B (3.7) 

7';- lun r ds(fis)^+ [ f{s)x( \ —}—\,y[dx)) . (3.8) 

Proof. Similar to Proposition 5.5 of (2006a) and Proposition 2.6 of (2006b). □ 

Theorem 3.11. // <i>j_cs(M) i^ definable, then <i>/,os(M) class of all infinitely 

divisible distributions /^(^j;;^) on M.'^ such that A is of p.6p . is v\ of (13. 7p . 
and 7 e R''. 



Proof. Obvious from Definition 13.21 and Theorem 13. 101 □ 

We write the limit of f{s)ds as p | a and q | 6 as J^^^ f{s)ds. 

Theorem 3.12. Suppose that $/.c(/^) is definable and that f{s) is locally integrable 
on (a, b). 

(i) // f{s)ds converges to a nonzero real number as p I a and q 1 b, then 
^f,c{p) 'is 'not a singleton, and ^f dp) = ^f,cs{p)- 

(it) Assume that one of the following two conditions is satisfied: 
(a) f{s)ds converges to zero as p i a and gib, 
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(b) f{s)ds is not convergent as p I a and q 1 b. 
Then $/.c(/^) consists of a single distribution /Xj-^j ^7) ^ ID{M.'^), where A is of 
(EH) andli IS v^^ of ([X7|l . 

Proof, (i) Suppose that f(s)ds is convergent as p ]. a and <z T ^ ^nd J^^^ f(s)ds ^ 
0. Since $/,c(m) is definable, it follows from Theorem O that ([SID, and ([53) 

hold. For any 9 eR'^, 



g 



1 1 



tends to 

where 7" is that of p.4p . Hence ^f^dfJ-) = $/.os(m)- 
(ii) If (a) is satisfied, then it follows from (|3.4p that 

" ^^^^ (I " (ttl7(^ - ttW) ^^'"0 

is convergent as p J. a and q ^ b and, for any 9 G R*^, /(s)X(^*''-'')(ds) is 
definable and does not depend on 9. If condition (b) is satisfied, there is only one 
9 eR'^ such that fl^~ f{s)X'^^'*^-o^ds) is definable; indeed, if it is definable for 6 
and also for some 0' ^ 6* in place of 9, then 

f{s)ds{9' -9) 
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1 1 



which is convergent as p | a and q | 6, a contradiction. □ 

Theorem 3.13. Suppose that $y. c(/i) is definable and that f{s) is locally integrable 
on (a, 5). Suppose, further, that $^ is « singleton {Jl}. If J^^^ \x\'fl{dx) < 00, 
then xjl{dx) — 0. 

Proof. We may assume that f{s) is not identically zero. Suppose {xlJl^dx) < 
00. Then J^^^^i la^kal'^^;) < 00, and hence J^^^-^i \x\i^p{dx) < 00. We also have 
I\x\>i l^Wid-x) < 00, since, for any a > 0, 

\x\i^^{dx) — ds \f{s)x\i'{dx) 

x\>l Jp J\f{s)x\>l 



> / \f{s)\ds / \x\i^{dx). 

J\f{s)\>a J\x\>l/a 

Using such that jj^^ /(s)X(^*'^-<')(ds) is definable, we have 
C,t*5_9(/(s)z)rfs 
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^ .ad 



ds 



q 



f{s)ds 



{z,x){l - (1 + \xf)-^}i^idx) + (7 - 0, z) 



As p J, a and q ^ b, the left-hand side and the first term of the right-hand side 
are convergent. Hence the second term of the right-hand side is also convergent, 
but the Umit must be zero, as condition (a) or (b) of Theorem 13.121 is satisfied. 
Therefore 

C^(z) = -i(z,^^z)H- / (e'<^^-)-l-z(z,x))i.^(rfa;), 

which shows that Jj^^ xjl{dx) =0. □ 

Even if we assume that /(s) is locally integrable on (a, b), that <i>/^c(/^) is a sin- 
gleton {]!}, and that Jj^^ \x\fi{dx) is finite, these assumptions do not imply finiteness 
of /jgd \x\Jl{dx). Examples for this fact are given in pp. 36-37 of (2006c). 

Theorem 3.14. // ^f^sy-mifJ-) is definable, then sym(/i) has triplet (2A^^, 
('^a+)sym, 0); where is given by (|3.6p and 

{vl-^\yUB)^^l+{B) + ul'l{-B) (3.9) 

with v^'^ given by p.7p . 

Proof. This follows from Theorem 13.91 and its proof. □ 

The following result will be useful later. 

Theorem 3.15. Suppose that fi G IDabO^'^) ■ Then the following two statements 
(a) and (b) are equivalent. 

(a) $/(^) is definable and $/(/x) e IDabO^'^)- 

(b) The triplet (0,z^, 7*^)0 of ^ satisfies 

ds I {\f{s)x\M)v{dx) <oo (3.10) 



f{s)j'^ds is convergent as p I a and q 1 b. (3.11) 

If statements (a) and (b) are true, then Ji = <&/(/x) has triplet (0,z7,7*')o, where 
V is v\ of p.7p and 

7° = !{s)^'ds. (3.12) 

Proof. Assume (b). Let us show (a). Condition p. lip means that either 7*^ = or 
Jp f{s)ds is convergent as p J, a and q 1 b. We make an argument similar to that 
in the proof that (b) implies (a) in Theorem 12.101 Thus we have p.2p and p.3p . 
observing that 

with 



'^'1 l + |/(.)xp "(^^^^°°- 
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It follows from Theorem 13.51 that is definable. Let (A,;/, 7) be the triplet of 

Jl = ^fifJ-)- Then A = and D is of p.7p . Hence we have /gdda;! A l)i'{dx) < 00 
from p.lOp . that is, e /Z^ab- We have 
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Cjj(z) = lim Cp^(,.)^(^,)(<j^)(z)= lim / C^,(f{s)z)ds 

= lim ds[ (e*<^(")^'^> - l)j/(rfa;) +2(7°,/(s)z) . 

Thus 

Cj,{z)= [ ds [ {e^'^'^f'''''''^ -l)u{dx)+il I f{s)-f°ds,z 




since condition (|3.10p allows us to use the dominated convergence theorem. Hence 
we obtain ()3.12|) . 

Assume (a). Let us show (b). Let Jl — with triplet (yl, z?, 7). Since t' is i'^ 

of ((3Jl) . we obtain ([3A0l) from Jt^^HxI A < 00. We have (ISTTS]) and 

lim r ds f (e'<^(")"'^> - 



pia, gT6 , ^ 

exists in M"*. Hence \impia,q\b Jp{f{s)j^,z)ds exists in M'^. It follows that 

limp|a,gtb /p /(*)7i exists in R for j = l,...,d. Hence we get p. lip . The 

last part of the theorem is obtained in the course of our discussion. □ 

Remark 3.16. We are considering , ^f.a ^f.cs, and$/_sym as two-sided improper 
integrals (that is, p J, a and q 1 b). We can reduce <&/, <&/, os, and sym to one- 
sided improper integrals, but we cannot always reduce c to one-sided improper 
integrals. 

Fix c e (a, 6). Let ^ e /^(M'^) and / e L(„,b) (X^'')). Then it is not hard to 
show the following (i)-(iii). 

(i) $/(At) is definable if and only if /(s)X('^)(ds) and j'l!^ f{s)X^^'\ds) are 
definable, that is, f f{s)X(''\ds) and f{s)X^^'^ds) are convergent in probabil- 
ity as p I a and q \ b, respectively. 

(ii) $/, os(Ai) is definable if and only if there are nonrandom M'^-valued func- 
tions g{p), p G (a, c), and h{q), q € {c,b), such that f{s)X^'^\ds) — g{p) and 

f{s)X^f^\ds) — h{q) are convergent in probability as p | a and q '\ b, respec- 
tively. 

(iii) Let be an independent copy of X'-^^K symCA*) is definable if 
and only if J^^ f{s){X(^'^ds)-X^'''>\ds)) and J^!' /(s)(X(^)((is) - X(^)«(ds)) are 
definable. 

(iv) Is it true that c(/i) is definable if and only if there are 9 and 9' in R'' such 
that £^f{s)X^t'*^-<'^ds) and J^!^ f{s)X'-f'*^-o'\ds) are definable? The answer is 
affirmative if f{s)ds is convergent as p J, a or if f{s)ds is convergent as g t 6. 
However, the answer is negative in general. For a counter-example, let (a, b) — 
(0,cx)), /(s) = and ^ = /^(o,i',7) such that J^^^^^^^idx) = J^^|^^^^ j/(da;) = for 
some e € (0,1) and a;i^((ia;) ^ 0; use Example 14.51 and Proposition 15.31 in the 
later sections; notice that then $/^c(Ai) is not definable since / x{l + \x\'^)^^i'{dx) ^ 
-Jx\x\^{l + \x\^)-^u{dx). 
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4. Domains of $/, $/^es, $/,c, and ^f,sym 

AND DOMAIN OF ABSOLUTE DEFINABILITY 

We continue tofix— oo^a<6^cx) and the dimension d. Let / be an M- valued 
measurable function on {a,b). Let D(<i>/) [resp. S)($/,es), 2D($/,c), S)($/,sym)] 
denote the class of ^ G /-D(M'') such that / G L(a,6)(X(^)) and$/(/i) [resp. cs(Ai): 
<i>/^c(/^), sym(M)] is definable. Further we introduce the following notion. 

Definition 4.1. Let e /D(E'*) and / e L(a,t) We say that the improper 
integral on (a, b) of / with respect to X^'^\ J^^ f{s)X'-^^^{ds), is absolutely definable 
if 



/ |C^(/(s)z)Ms < oo for all z e R'^. (4.1) 

J a 



If (|4.ip holds, then /(s)X'^^^((is) is definable, which follows from Theorem 
1531 Let !)"($/) denote the class of e ID{R'^) for which / e L(„^,,)(X(^)) and 
/a+ fi-^)^^'^Kds) is absolutely definable. 



Theorem 4.2. Let fj. = ^.(a,^^) ^ ID{W). Then fi e D"($/) if and only if ([Sj 
and (13.21) /loZd and 



< oo. (4.2) 



Proo/. See (2006c), Proposition 2.3. RecaU that ^J^), jS^l), and (g^l) imply / e 

L(a,6)(^(^^). □ 

Theorem 14.21 shows that fi G Xl°($/) if and only if / is X'^^^-integrable over (a, b) 
in the sense of Rajput and Rosinski (1989); see Theorem 2.7 of their paper. The 
author owes this remark to Jan Rosinski. 

Theorem 4.3. The following relations are true: 

S°(%) C S)(<i>/) C S(<i>/,c) C D(<i>/,es) = S)(*/,sym). (4.3) 

Proof. This is a consequence of the descriptions of these domains obtained from 
Theorems [33ti3Jl and itl □ 



Remark 4.4. If we restrict ourselves to symmetric infinitely divisible distributions, 
then the five domains in (|4.3p are identical. That is, if fi is symmetric and fi G 
S)($/_es), then fi e D^{^f). Indeed, then the location parameter 7 of /x is zero and 
the integral in (|4.2|) is zero. 



For two functions / and g, we write /(s) x g{s), s —>■ 00, if there are positive 
constants ci and C2 such that < cig{s) ^ /(s) ^ C2g{s) for all large s. 

Example 4.5. Let /(s) be a measurable function on (a, 00) with a finite such that 

/(s) X s^"'"/" as s 00 

with < a < 2. Since we will have Remark 14.101 the results of (2006b) say the 
following. Let fi — fi{A,u,-f) G ID{W^). Let 7^ be mean of fx if it exists. 
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(i) Consider the condition 



\x\"'i'{dx) < oo. 



Then, for < a < 2, 



ja:|>l 

AieS($/,es) ^ dSl). 



(4.4) 



(ii) If < a < 1, then 

= !)($/) = S)(<i>/,c) - D(<i>/,c.)- 

(iii) If 1 < a < 2, then 



(4.5) 

(4.6) 
(4.7) 



and 



AiG !)($/) ^ (133) and 7^ = 0. 
(iv) Let a = 1 and suppose, in addition, that, for some sq > a V and c > 0, 



Consider the conditions 



/•oo 

/ \f{s) - cs^^\ds < oo. 

J So 

hm / s^^ds / xv[dx) exists in 

*~*°°Js„ J\x\>s 



s ^ds 



xv{dx) 



< oo. 



Then 



(4.8) 
(4.9) 

(4.10) 



s°($/)n/L»o c j)($^)n/i?o gs($/,c)n Ji^o gs(*/,os)n/Do 

and, letting (|4.4p mean (|4.4p with a = 1, 

AieD($/,c) <^ gll) and gH), 
//££!($/) ^ g31), g3), and7i =0, 
MeS°($/) ^ g3), gH), and 7^ = 0. 

Example 4.6. Let /(s) be a measurable function on (a, oo) with a finite such that 
la /(■^)^^'^ ^ ^-^1 ^ ^ (a, oo) and there are positive constants a, ci, and C2 



satisfying 
Then 



,,^) e2)($/,es) ^ / (l0g+ |x|)l/"z.(dx) < «), 



and g31) holds. See Theorem 5.15 of (2006a) and Proposition 4.3 of (2006c). Using 
notation $ = for /(s) = e~'' on (0, oo), we know that the range of $ is the class 
Lo(K'^) of all selfdecomposable distributions on M.'^ (see Rocha-Arteaga and Sato 
(2003) for references). Jurek (1983) shows that, for ni — 1,2,..., the subclass 
L„(M'*) of Lo(M'^) is the range of $/ for /(s) = exp(-((m + 1)! s)i/(™+i)) on 
(0, oo) (see also Rocha-Arteaga and Sato (2003)). 
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Example 4.7. Let f{s) be a measurable function on (a, oo) with a finite such that 
la fi^)'^'^^ < °° ^'^^ ^ ^ ("^i °°) ^^"^ 

/(s) X e"*^ as s ^ oo. 

Then 

M = fHA,i',f) ^ 2D($/,cs) ^ / (loglog|x|)j/((ia;) < oo, 

J\x\>e 

and holds. 

Proof is as follows. Let /i(s) = e^*^ . We have cih{s) ^ /(s) ^ C2h{s) for 
s So with ci,C2,... positive constants and sq > 2e. Clearly we have (jS.ip . 
Let s = h^^{u) = loglog(l/u) be the inverse function of w = h{s). Let / — 

j:^dsJ^,{\f{s)x\^Al)iy{dx). Then, 

ds / \f{s)x\'^iy{dx)+ / ds / v{dx) = h + 12 (say), 

v{dx) I ds ^ (loglog |a;|)i'(da;) + C4, 

J \x\>C2^ /h{so) J So J|a;|>C3 

h^cl ( \x\^v{dx) f h{s)^ds 

+ c\j 1x1^1^(^2;) / h{sf ds < 00, 

J [xl^c^'- /h{sa) Jsa 



Since 

lim ^ / h{s)^ds = lim — — = 0. 

The estimate of / from below is similar. Hence / is finite if and only if 
/|x|>eO°glog|2;l)i^('^a;) < 00. 

To see (I4.5p . it is enough to show (|4.2p with a, h replaced by sqi oo- Let 

J = I f{s)ds ' l-""'"^^") 



/r. (l + /(s)2|xP)(l + |a;P) 
Since /j^ f{s)ds < 00 and /(s) ^ 0, it is enough to show that J < 00. Now, 
_i f \x\^i^idx) cih{s)\x\ds 

since, for any r > 0, 

r/i(s)ds /■''(^"^ ru{-ds/du)du f''^'°^ rdu 



So 



l + r2/i(s)2 Jq 1 + Jq (1 + r2-u2)(iog(l/M)) 

/•''(""^ rdu r°° dv 

Example 4.8. Let /(s) be a measurable function on (a, 00) with a finite such that 
la < 00 for all t G (a, 00) and 

/(s) X s~"^(log s)"'' as s — > cx) 

with /? e M. 
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(i) Consider the condition 

\x\{\og\x\)~^^ i^{dx) < oo. (4.11) 



|x|>2 

Then, for G R, 

eD($/,cs) ^ (SHI). 

(ii) If < /? s$ 1, then 

S(a>/)CJ)($^.^)CS)($^^^^). (4.12) 

(iii) If 1< /3 < 2, then 

D(a>/)=2)($/,e) gS($Ac.). (4.13) 

Proof of (i) is similar to the first half of the proof in Example 14.71 This time 
h{s) = s^^(logs)^'^ and so > aVl is chosen so large that h{s) is strictly decreasing 
for s ^ So- We define /, /i, and I2 in the same way. Then 



h^ce / \x\{logh-\c^'\xr')yPiy{dx)+cs 

J\x\>C7 

< eg / \x\{log Ixiy^ l^idx) +Cs 

J\x\>cy 

since h{s)'^ds ~ t-i(logt)~2/3 ^ h{t)(logt)-'^ as t ^ 00 and logh-^{u) ~ 
log(l/u) as w 1 0, and 

h^cia \x\(\og\x\)~^v{dx) 

J\x\>cii 

since h^^{u) u^^(log(l/u))^'^ as u | 0. We can estimate / from below similarly. 
Hence / < 00 if and only if (|4.11|) holds. 

Prof of (ii). Let < /3 ^ 1. We have /, f{s)ds — 00 for some sq. Hence, to 
show £>($/) ^ 1){^f^c), choose A*(A,iy,7) with 1/ symmetric and 7 0. In order to 
show J)($ c) ^ S($ /, cs), consider iJi^A.u,-^) with u concentrated on the xi-axis. For 
simplicity of notation let d = 1. Assume that 2] ^i^x) — 0, J^.^ xi'{dx) = 00, 
and ^^x{\ogx)~^v{dx) < 00. Then 

/ a; I . ,„ - - — ^—^]v{dx)^oo as s ^ 00, 

i(2,oo) vi + (/(s)^)' i + xy ' ' 

from which it follows that ^ ^ !D($/^c)- 

Proof of (in). Let 1 < /3 2. Then f{s)ds is finite. Thus S)($/) = S(4'/,c) 

as Corollary [XSlsavs. To show I)($/,c) ^ £»($/,os), let d = 1, /^_^ 2] ^(^^) = 0, 
and iy{dx) — x~^dx on (2, 00). We have 



So 



f{s)ds I ( — ,jyf^^ ^2 ~ "j 9 ) ^ ^"^^ ^00 as g ^ 00, 



1 1 

,1 + (/(s)a;)2 ~ TTa;2 

because, using a;-i(l + x2)-idx - log(l/r) as r i 0, we have 

X 
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= cii rs-i(logs)-''log(2-ic2"is(logs)'3)dOci2 r s-^logsy-I'ds 

J So J So 

Hence fJ.(AM,-f) ^ 2)(*/,c)- 



Remark 4.9. Let / be a locally square-integrable function on (a, b) with — oo ^ a < 
6 ^ oo. 

(i) If ^1 and ^2 are in 2)(<i>/), then /ii * ^2 G That is, is closed 
under convolution. Also, S)°(<i>j), !D($j: c)j and os) are closed under convo- 
lution. Indeed, / is in L(a f,)(^) for all X, and the conditions in Section 3 work, 
since convolution gives addition of triplets. 

(ii) If /ii and ^2 are in ID{M.'^) and /ii * /i2 G os), then /ii and /12 are in 
£)($/,os). UseTheoremEU 

(iii) With some choice of /, there are /ii and 112 in ID{M.'^) such that /ii * /i2 S 
£)($/), Ail ^ and ^2 ^ Use Example SH with f{s) = s^i/", 
1 < a < 2, on (1, 00). 

(iv) If fi2 e ID{R'^) and if fXi and /ii * /i2 are in 2)($/), then /Z2 G Use 
Theorem 13.51 



We give some comments on the relation with improper stochastic integrals stud- 
ied in (2006a,b,c). 

Remark 4.10. Let L[o,oo)(-''^*-^-*) be the class of locally X'^'^^-integrable functions on 
[0, 00) in Definition 2.16 of (2006a). Then the following (a) and (b) are equivalent: 

(a) /eL[o,oo)(^('')). 

(b) / G L(o.oo) (-'^'•^■') and, for some t (equivalently, for any t) in (0, 00), 
/o+ f{s)X'''^Hd-s) is absolutely definable. 

In this case, 

fis)X^'^Hds)= r /(s)X('^)(ds), (4.14) 

the left-hand side being defined in (2006a) since / G L^o^oo) 

Proof is as follows. As Theorem 3.1 of (2006a) says, / G L[o_oo) (^^'''') if and 
only if, for all t G (0, 00), 

rt 

f{s)'^ti-Ads < 00, 



t 

2 



ds / i\f{s)x\^ A l)iyidx) < 00, 



* I I II I \ I 

ds < 00. 



Combine this with Theorem 12.61 and the one-sided version of Theorem 14.21 Then 
we see the equivalence of (a) and (b). To prove (|4.14p . it is enough to show that 
/(s)X(^)(rfs) tends to f{s)X<-f'\ds) in probability as n — » 00. Let, for large 

n, 

!{,)X^^\ds)- \ /(s)X(^)(ds) - / /(s)X(^)(ds). 

Jl/n Jo 

Then the triplet (yl„, 7n) of the £{Fn) satisfies An 0, /Rd(|a;pAl) i^n{dx) — > 0, 
and 7„ — > as n — > 00. Thus Fn in probability. 
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In (2006a,b,c) f{s)X'^^'\ds) is said to be definable if / e L[o,oo)(^'^^) and 
if f{s)X^'^''{ds) is convergent in probability as t — > oo. It follows from the results 
above that the following (c) and (d) are equivalent: 

(c) J^' f{s)X^^'\ds) is definable. 

(d) / e L(o,oo)(^^'^^), J^' f{s)X('^Hds) is definable, and J^^ f{s)X(^^\ds) is 
absolutely definable. 

In this case, 

/•oc— /-oo — 

/ /(,s)X(^)(ds) - / f{s)X^'^\ds). 
Jo Jo+ 

The domain of those /i for which f{s)X^f^'>{ds) is definable is denoted by 

S)[/,R''] in (2006a) and by S)($/) in (2006b,c). The domains for essential and 

compensated improper integrals for f(s)X^f^\ds) are respectively denoted by 

£)es[/,Kl and £>c[/,M'^] in (2006a) and by Sc(«'/) (or Dcs («>/)) and Dd'^f) in 

(2006b,c). 

5. Duals of infinitely divisible distributions 

We introduce the concept of duals of purely non-Gaussian infinitely divisible 
distributions on R''. Utilizing this concept, we relate some improper stochastic 
integrals on (0, b) with < 6 < cxd to those on (a, oo) with a finite. 

Definition 5.1. Let ^ = fJ-{OM,'y) e IDo{R'^). We cah the distribution // e /L'o(M'') 
the dual of /z if the triplet (0, t^', 7') of fj,' satisfies 

i^'(B) = / lB{L{x))\x\^i^{dx), BeB{M.'^), (5.1) 

i = -7, (5.2) 
where l{x) — |a;|^^x, the inversion of a;, which maps R'' \ {0} onto itself. 

The simple form (|5.2p of the relation of location parameters of /i and /i' is due 
to the fact that we are using the centering function x(\ -f |a;p)~^ in the Levy- 
Khintchine representation in this paper. 

The relation (|5.ip implies 

/ h{xy{dx) = / h{i{x))\x\^v{dx) (5.3) 
for all nonnegative measurable function h(x) and thus 

/ {\x\^ h\)v\dx) ^ \ {\x\^ S\)v{dx). (5.4) 

Proposition 5.2. (i) The dual of the dual of fj, is fj, itself. That is, /i" = /_i for all 

fielDoiR'^). 

(ii) \^?~'''^'idx) = \x\-iyidx) for a eR. 

(iii) The dual fj,' is of type A if and only if fi has finite second moment. 

(iv) The dual fi' is of type A or Ji if and only if /i has finite mean. 

(v) If n' is of type A or B, then 

(drift of fi') = —(mean of fi). 

(vi) Let < a < 2. Then fi' is (2 — a) -stable if and only if fi is a-stable. 
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(vii) Let < a < 2. Then /x' is strictly (2 — a)-stable if and only if fi is strictly 
a-stable. 

Proof, (i) Using (|5.3p . we have 

i^"iB) = / lB{iix))\x\^,^'{dx) 

JR<'\{0} 



lB{Mx)))\i{x)\^\x\'i^{dx) = i^{B) 

for all B. Further, 7" = —7' = 7. 

(ii) Using (|5.3p again, we have 

x\'^-°'iy'idx)= [ \L{x)\^^"\x\'^i^{dx) ^ [ \x\°'i^{dx). 

\x\^l ^|t(x)|^l "'kl^l 

(iii) and (iv) Use (ii) with a = 2 and 1, respectively. 

(v) Let (7°)' and 7^ be the drift of /i' and the mean of /x, respectively. Then 

, n,, , f xv'idx) 1 [ x\x\'^v(dx) 

1 + V 1 + \xY 

Hence 

(vi) Let < a < 2. Then a nontrivial distribution /i is a-stable if and only if 
A = and 



v{B) = / A(dO / lB(rOr-"-Mr, 
where 5" is the unit sphere and A is a nonzero finite measure on S". In this case, 

/ h{L{x))\x\^v{dx) = / X{d£,) f h{r'^^)r'^r-°'-^dr 
J J s Jo 

and thus 

p poo p p 00 

!^'{B)= / A(dO / lB{r-'Or''"dr = / X{dO / lisK)?/-!-^^-.)^^ 

Js Jo JS JO 

(vii) If < a < 1 and /i is nontrivial, then /i is strictly a-stable if and only if fi 
is a-stable with additional condition 7" = (0 < a < 1), 7^ = (1 < a < 2), or 
JgS,X{d^) = (a = 1). Moreover, Sj with 7 ^ is strictly 1-stable. See Theorem 
14.7 of Sato (1999). Now use (v) and the fact that 1/ and i/' has the identical 
A-measure as seen in the proof of (vi). □ 



The following fact is in duality with the fact in Example 14.51 

Proposition 5.3. Let f{s) be a measurable function on (0, b) with < 6 < 00 such 
that f(s)^ds < 00 for all t G (0, b) and 

/(s) X s-l/(2"a) ^ 

with < a < 2. Let fjL — iJ,{A,v,'y) G ID{W^). Let 7*^ be drift of ji if it exists. 
(i) Consider the condition 

A = Q and [ Ixf-^i^idx) < 00. (5.5) 

J\x\<l 
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Then, for < a < 2, 

At G S)($/,es) ^ (E3. 

(ii) //O < a < 1, then 

D'i^f) = 2)(a>/) = S)($/.e) = 2)('i>/,cs). (5.6) 

(iii) If 1 < a < 2, then 

S)"(a>^) = D(a>/) c = s)($/,e.) (5.7) 

/^e2)($/) ^ dEHl) flTid 7° = 0. 

(iv) Lei a — 1 and suppose, in addition, that, for some sq G (0, b) and c > 0, 



|/(s) — cs ^\ds < oo. 



Consider the conditions 



lim / s ^ds 
no Jt 



s ^ds 



xh'{dx) exists in . 



\x\<s 



xu{dx) 



\x\<s 



< oo. 



Then 



J)°(<I>/)C J)(cI>^)Cj,($^^^)Cj,(ci,^^ 



(5.8) 
(5.9) 

(5.10) 



and, letting ()5.5p mean ()5.5p wit/i a = 1, 

Aie£>($/,c) ^ (I531) and (HH), 
AieD($/) ^ (HH, (EH), anrf7° = 0, 
/ieD"($/) 4^ (EH), and 7° = 0. 

Proof. From our assumption there are ci, C2 > and sq G (0, b) such that 

Let ua = "/^^""^ and let g{u) = l//(u-(2-a)/") for u ^ uq- Then .g(u) x u-i/" 
as M — > 00, since 



5(u) 



,1/a 



^l/(2-a) 



where s — u^'^^"'/". As this shows that g{u) is locally bounded on [uq,oo), we 
have J^^ g(u)^du < oo for all v G (uo, oo). 

(i) If ^ G D(«'/,os), then A = 0, since /q" /(s)2ds ^ ci /g"" s^2/(2-a)^^ ^ 
We have 

M = M(A,z.,7) G S(%os) A = and //(o,^,^) G D($/,es) 

w 



^ A = and ^(o,i./,y) G I)($g,cs) 

^S' A-Oand / \x['v'{dx) <oo 
"'bl>i 
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where /J.(o.iy',7') is the dual of /i(o,i/.'y)- Write (3 — (2 — a)/a. The equivalence (*) 
comes from the equality that 



ds {\f{s)x\'^ M)v{dx) ^ (3 u-^^^du 



UQ 

13 I u-^/^du I {\g{u)x\-^ Al)\x\^iy'{dx) 

I uo 
r-oo — 2/q 



A 1 i^{dx) 



. „-du / (1 A \g{u)x\'^)v' (dx). 

The equivalence (**) comes from Example 14.51 and (* * *) from Proposition 15.21 
(ii) We have 



fis)ds 

= /3 



7 + / X 



1 



1 



OO 



= /3 



no 9{u) 



du 



l + |/(s)a:|2 l + |a;|2 
1 



v{dx) 



7 + / X 



1 



Hence, for < a < 1, 



-g{u)du 



7 + / X 



l + \x/g{u)\^ l + |x|2 
1 1 



\l + \g{u)x\^ l + \x\ 



v(dx) 
v' {dx) 



fj, e 'D° {<S> f) ^ ^ = and /X(o,^,7) G 

^ A = and Ai(o,i.',7') e 4=» A = and /U(o,ix',7') e os) 

^ A = and ^(0,i.,7) e S)($/,es) <^ Me2)(*/,es)- 

(iii) We have, for v = i-"/(2~«), 

1 1 



f{s)ds ( 7 + / 2^ 



= /3 



1 



i'{dx] 



1 



g{u)du 7' + / X 



1 + |a;/.g(u)|2 1 + |x|2 
1 



v{dx) 



Thus, for 1 < a < 2, using Example 14.51 



l + \g{u)x\^ l + |a;p 



v'{dx) 



/iG !)($/) <^ A and /Z(o^i,,7) e ©($/) 
<^ A = and /i(o,,.',7') e 



<^ A ^ 0, (rfa:;) < 00, and (mean of A*(o,i/',7')) = (7 ) =0 



a; >1 



((5?5)) and (drift of M(o,j/,7)) = 7" = 0. 

and, in a similar way, /i e !D°(<i>/) if and only if (|5.5p and 7^^ = 0. Now we see that 
fi e 2)($/,c) if and only if holds. Hence !)($/) = D°($/) and 2)($/,c) = 

D($/,es). Since D($g) n/ZJo g D($g, cs) n /L»o, we have !)($/) g S)($/,os). 
(iv) (a = 1) As in the proof of (ii), 

/ieS°($/) ^ A = and ^(o,^^7) e D°($/) 

^ A = and /i(o,^',7') e 2)°($g) 
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A = 0, 

'\x\>l 

dEl]), (EH), and 7° = 0. 

For the last equivalence, note that 



poo 




/ u~^du 


/ xv' [dx) 




J \x\>u 



< 00,(7!)' = 



u du 



xv' [dx] 







/ s-^ds 


/ xi'{dx) 


'0 


J \x\<s 



Let 



I{t)^ / 7+ / X 



1 



l + |/(s)2;|2 l + |a:|2 
Let us write 03,04,... for positive constants. We have 



v{dx) 



I{t)^ / (/(s)-cs-i)ds 7+ / 2; 



1 



1 



1 



1 



v{dx] 



+ cs ^ds ( 7 + / X 



l + |/(s)a;|2 l + \cs-^x\^ 
1 1 



-/i(t)+/2W+/3W (say). 
Under (|5.5p . /i(t) and /2(0 are convergent as i J, 0, since 

/(s) — cs^'^\ds ' 



v{dx) 
v(dx) 



7 + / x 



< / |/(s)-cs-VM I7I + 



l + |/(s)x|2 1 + |:e|2 

N' + N|/(s)x|2 



v[dx] 



(1+|/(S)X|2)(1 + |X|2) 



v{dx) 



|/(s)-cs-Vs I7I + 2 / |x|i/(dx) +C3 / Kc^a;) 



kl<i 



(note that /(s) ^ C4 > 0) and 



cs ^ds 



v{dx) 



^ / cs ds 



l + |/(s)a;|2 l + |cs-ia;|2_ 
|x|||ca-ix|2-|/(,)x|2| 
(l + |/(s)a;I2)(l + |cs-i:E|2) ^ ^ 

^^^io -^^'^^''L (l + |/(.).P)(l + |c.-x|2)^('^-) 







s^C5 f°\cs-'~f{s)\dsl f 

Jo \J\x\<l 



\x\i'{dx) + ce / j/((ia;) 

J\x\^l J 

Hence, under (|5.5p . /(i) is convergent if and only if Isit) is convergent. We have, 
with V = t~^. 



I^it) — I cu dit 7 + / X 



1 



c ^dit ( 7' + / 2: 



l + |cux|2 l + |a;|2 
1 



v{dx) 



l + \c-^u-^x\^ l + \x\ 



v'{dx) 
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Let h{u) — c ^ for u ^ uq — s^^ . Then it follows that 
^ieD{^f) A and /i(o,,,,^) e 44> A = and ^(0,1,',-,') e 

^ A ~ 0, Ixlv^dx) < oo, lim / u"^du I xv'{dx) exists, (7^)' — 



<^ JEHl), jnH), and 7° = 0. 

It follows from this that jj, G J)($/,c) if and only if ((?3)) and ([g^ hold. We 
get relation (|5.10p . using (|4.10p with h in place of /. Thus, in showing that 
S°(<I>/) C we make indirect use of the elaborate construction in (2006b) of 

a distribution in the difference of the two classes. □ 

Proposition 5.4. Let f{s) be a measurable function on (0, b) with < 6 < 00 such 
that f{s)'^ds < 00 for all t G (0, b) and 



-1/2 



as s J, 0. 



Then 



/^(A ,.7) G 2D(3'/,cs) A = Q and I \x\'^\og{l/\x\)v{dx) < 00, 

J\x\<l 

and (j5.6p holds. 

Proof. We have ((5TT|) with a = 0. Note that " f{sfds = 00 and f{s)ds < 00. 
Let g{u) = l//(e^^") for u ^ uo = s^^. Then g{u) x e~" as w — > 00, since 

g{u) _ e" _ 



-2m ^ 



where s — e 



We have 



r ds j (|/(s)a;p A l)z/(rfa 



\x) = / 2e-2"dM 



A 1 iy(dx) 



00 2g-2u 



du (1 A |g(w)a;|^)zy'(da;) 



Hence, using Example 14. 6i we have 

Aie£»($/,cs) ^ A 0, ^(0,1^,7) e £>($/^os) ^ A = 0, /i(o,z.',7') e D(4'g,os) 



^ A = 0, 



log |a;|i/'((ia;) < 00 



x|>l 



and the last integral equals log(l/|a;|)i^((ia;). We have 

1 



f{s)ds 



7 + / X 



)\x\<l 
1 



ds 



v{dx) 



^ C4 I ds 



C3 



+ C3 

So 



.10 (1 + C5|S-V2^|2)(1 + |2;|2) 

\s^'^^'^x\^i^{dx) +C5 f ds 
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C3 



C4 



So /• i-so/\\x\^ 



which is finite. Hence S)"(<i>/) = cs) and we obtain (|5.6p . □ 



Proposition 5.5. Let f{s) be a measurable function on (0, b) with < b < 00 such 
that JI" f(s)^ds < 00 for all t G (0, b) and 

f{s)^s-\\og{l/s)r^ ass 10 

with /3 e M. Then 

M(A,i.,7) e D($/,os) <^ A^Oand |a;|(log(l/|a;|))"'^z^(da;) < 00. 

J\x\<l/2 

7/0 < /3 ^ 1, then ((4J2| holds. // 1 < /3 < 2, then (|4l3)) /loZds. 

Proof. Choose Sq large enough and let uq be such that sq = u^^{\oguo)~'^^ . Let 
g{u) = l//(s) for M ^ uqj where s = M~^(logu)~^''. Then we can prove that 
g{u) X u^-'^(logu)^'^ as u — > 00, 

so r poo /• 

ds (|/(s)a;p A = / {~ds/du)g{uy^du j [1 h\g{u)x\^)v' [dx), 

JW Jug Jk'' 

and {—ds/du)g{u)^^ x 1. Using Example [48] (i), the rest of the proof is similar. 

Proof of (jiTn]) or (1413]) forO</3^1orl</3<2, respectively, is done by the 
same method as the proof of (ii) and (iii) of Example 14.81 □ 

6. Properties of / and largeness of various domains 

Fix —oo^a<b^oo and the dimension d. Let / be an R- valued measur- 
able function on (a, 6). We use the subclasses IDoiR"^) and IDab{^'^) of ID{R'^) 
introduced in Section 1. 

Theorem 6.1. The following statements are equivalent. 

(a) /D(M'^) = 

(b) /i?(M'^) =S)($/,es). 

(c) /DolR'^) C 

(d) /i?o(K'^) CD(<i>/,es). 

la l{/(s)#o}rfs < 00 and f{s)'^ds < 00. 

As we have the relation of the various domains in Theorem 14.31 statement (b) 
or (d) with $/,os replaced by any one of <&/, c, and sym is also equivalent to 
statements (a)-(e). 



Proof of Theorem wJl Clearly (a) ^ (b) ^ (d), and (a) (c) =^ (d). Therefore 
it is enough to show that (e) ^ (a), and (d) ^ (e). 

Assume (e). Then ([32]), and hold. Indeed, jSl]) is obvious, 

follows as 

ds f {\f{s)x\^ Al)i^{dx)^ [ + / {\x\^ Al)i^{dx) <oo, 

and (|4.2p follows as in the proof of Theorem l2.6l (i). Hence we obtain (a) by virtue 
of Theorem 1121 
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Assume (d). Then, for every fi e IDq, f is in L(a (-'^'•^'') a-nd <i>/^os(M) is 
definable. Hence 

b . 

ds / (|/(s)xp A 1) iy{dx) < oo for all v G Lvm(/£i(M'^)) (6.1) 



by virtue of Theorem 13.61 Let us show (e) in two steps. 
Step 1. Suppose that /(s)^ds = oo. Let 

Hr) = / /(s)^l{|/(5)|^i/r}ds for r > 0. 

J a 

For every v G Lvm(/Z)(M'*)) we have 



\x\ k{\x\)iy{dx) ^ ds /(s) l{|/(s)|^i/|2:|}|a;| v{dx) 

x\^l J a J\x\i^l 

^ I ds [ {\f {s)x\^ M)v{dx) <oo 

by (|6.ip . Considering Lebesgue measure on ^ 1} as i/, we see that k{\x\) < oo 
for almost every x with |a:;| ^ 1. Hence k(r) < oo for almost every r in (0,1]. 
Therefore k{r) is finite for all r > and increases to oo as r | 0. Choose ?■„, 
n = 1,2,..., such that 1 > r„ > r„-|_i > and A:(r„) ^ n. Let p = '^"^'^i-n 
and let 

1/(5) = / A(dO / ls(rO?'"V(t^?-) forSeS(M''), 
Js J{0,1] 

where A is a finite nonzero measure on the unit sphere S = {CeW^: |C| = !}• Then 
ly 6 LvmilDgR."^)), since 

f \x\^v{dx) = f X{dO f p{dr) = \{S) V n'^ < oo. 

J\x\^l Js J{0,1] n=l 

But 



\x\^k{\x\):y{dx) = / A(dO / k{r)p{dr) 

xl^l "'(0,1] 

oo oo 

- A(5) 5] k{rn)p{{rn}) ^ X{S) ^ = oo. 



which contradicts (|6.2p . Therefore, J^^ f{s)'^ds < oo. 
S'fep ^. Suppose that l{/(s)5!io}'^'5 — oo. Let 



^(^) = / '^{\fis)\>i/r}ds for r > 0. 
We have /i(r) ^ f{s)'^ds < oo. For every z/ G Lvni(/£'(K'')) we have 
h{\x\)i^{dx) = / ds / l{|/(^)|>i/|^|}j/(da;) 

|a;|>l Ja J\x\>l 

^ [ ds [ {\f{s)xf A l)iy{dx) <oo 

Ja J\x\>l 

26 



(6.3) 



by (|6.ip . As r t oo, h(r) increases to oo. Choose r„, n = 1,2,..., such that 
1 < r„ < r„+i and /i(r„) > n. Let p = X^^i "■^^'^r,, and let 



KB) 



f XidO f lBH)pidr) forBeB(M'^), 

JS "'(1,00) 



'(1,00) 

where A is a finite nonzero measure on S. Then G hvm{ID{M.'^)) and 
h{\x\y{dx) = [ X{d£_) ( h{r)p{dr) 

x\>l Js "'(1,00) 

00 00 

= A(^) J2 Hrn)p{{rn}) > X{S) ^ n"! = 00, 

n—l n—1 

which contradicts ()6.3p . Therefore, fl^ ^{f{s)^o}ds < 00. 

Steps 1 and 2 combined imply (e). □ 

Theorem 6.2. The following statements are equivalent. 

(a) /i?AB(K'^) C and $/(/Z?ab(IR'')) C /i?AB(]R''). 

(b) IDab{R'^) C 2)($/,os) and $/,es{/Z?AB(M'^)) C /Dab(R''). 

(c) /a l{/(s)#o}rfs < 00 and \f{s)\ds < 00. 

Statement (b) with $ f^^s replaced by any one of <&/ , $/,c 7 and $ /.sym is equivalent 
to statements (a)-(c). 

Proof of Theorem FOl Asssume (c). Let ^ e /-Dab- Then / e L(a,b) (X^^') from 
Theorem [2T01 As (|3TT|) is clear and ([3T0l) follows from 



/ i\fis)x\Al),y{dx)^ / (|/(s)| + l)l{/(,)^o}rfs / (|a;|Al)i/(dx), 

Theorem 13.151 is applicable and (a) of Theorem 13.151 holds for all /i S I Dab ■ We 
have (|4.2p . recalling the proof of Theorem 12.101 Thus, using Theorem 14.21 we see 
that (a) is true. 

Clearly (a) imphes (b). 

Assume (b). Then 

[ ds [ i\f{s)x\ A 1) v{dx) < 00 for all 1/ G Lvm(/DAB(K'^)). 
Let us show (c) in two steps. The argument is similar to the corresponding part of 



the proof of Theorem 16.11 but we give a complete proof. 
Step 1. Suppose that \ f{s)\ds = 00. Let 

k{r) ^ l/(s)|l{l/(s)Ki/r}c's for r > 0. 

J a 

For every 1^ G Lvm(/£'AB) we have 

\x\k{\x\)iyidx) = ds |/(s)a;|l{|/(^)|^i/|^|p(dx) 

^ ds {\f{s)x\ A l)iy{dx) < 00. 

Ja J\x\^l 
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It follows that k{r) is finite for all r > and increases to oo as r J, 0. Choosing r„, 
n — 1,2, . . such that 1 > r„ > r„+i > and fc(r„) ^ n, let p — X^riLi "-^^'^fn ^^"^ 

i^{B) = [ X{dO [ lBH)r-'p{dr), 

Js "'(04] 

where A is a finite nonzero measure on the unit sphere S. Then v £ Lvm(/_DAB), 
since 

/ \x\iy{dx)= f X{d^) f p(dr) = A(5) < oo. 

J\x\^l Js J{0,1] 

But 

/ \x\k{\x\Mdx) = X{S) J2 Hrn)p{{rn}) > A(^) ^ n'^ = oo, 

"'l^l^l n=l n=l 

a contradiction. Hence J^** \f{s)\ds < oo. 

S'tep £ Suppose that J^^ l{f(s)^o}ds = oo. Let 

Hr) = / l{|/(s)|>i/r}rfs for r > 0. 

J a 

Then h{r) ^ r \f{s)\ds < oo. As r f oo, h(r) increases to oo. For every 
I' G Lvm(/Z3AB) 

h{\x\)iy{dx) = ds l[if(s)\>i/\x\}'^{dx) 

x\>l Ja "'|a;|>l 

^ /" ds / {\f{s)x\ A l)v{dx) < oo. 

Ja "'|2:|>1 

Choosing r„, n — 1,2,..., such that 1 < r„ < r„_|_i and ft.(r„) ^ n, let p ~ 

,^{B) = f X{dO [ lBH)p{dr), 
with a finite nonzero measure A on 5. Then v G Lvm(/£'AB) and 

„ oo oo 

/ h{\x\Mdx) = X{S) J2 h{rr,)p{{rr,}) ^ X{S) ^ n'^ = oo, 

J\^\>^ n=l n=l 

a contradiction. Therefore, Sa'^{f(s)=jto}ds < oo. □ 

Example 6.3. Let (a, 6) — (0,5) with b finite. Suppose that jj' f{s)'^ds < oo for all 
t G (0, 5) and that f{s) x s^'^ as s J, 0. If < /? < 1/2, then / satisfies (e) of 
Theorem 16. II If < /3 < 1, then / satisfies (c) of Theorem [ 



In relation to the two theorems above, it is interesting to consider the condition 
that /Dab C S)($/.os) and the condition that /Dab C I)"(<I>/). We have the 
following two theorems. 

Theorem 6.4. The following statements are equivalent. 
(a) /Dab(M'^) cS)($/,es). 
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(b) The function f{s) is locally integrable on (a, b), jj^ l{f(s)^o}ds < oo, 



and 



Proof. Let 



= 0{l/r) as r iO, 



^{\f{s)\>i/r}d^ = 0{r) asr [Q. 



(6.4) 



(6.5) 



= / /(s) and h{r) = I l{|y(s)|>i/r}ds. 

J a J a 

Assume (b). By virtue of Theorem I2.10( / e L(Q_f,) (X^^^) for any e IDab- 
Thus, it follows from Theorem 13.61 that statement (a) is true if 

ds / (|/(s)a;p A 1) v{dx) < oo for aU G Lvm{IDAB)- (6.6) 



la jR'i 

Let 1/ G Lvm(/i:'AB)- Then 

rb f 

ds / {\f(s)x\^ A l)v{dx) 



^ / ds 



{\f{s)xY M)v{dx)+ l{f(s)^o}ds iy{dx) = h + 12, 



\x\>l 



say. Clearly I2 is finite. Using (|6.4p . (|6.5p . and J^^ l{f(s)^Q}ds < 00, we have 



i^(c?x) / /(s) / J^(rfa;) / ^{\fis)\>i/\x\}ds 



\x\^l 



\xfk{\x\)iy{dx) 



/i(|a;|)i^(dx) ^ c / |a;|i^(c?a;) < 



where c is a constant. Hence (I6.6P holds. Hence (a) is true. 

Conversely, assume (a). Then, for every /x G IDab with triplet (0, 1^,7^)0, / G 
'i^{a,b}{^^^^)i and hence 



xi>{dx) 



ds < 



l + |/(s)xP 

for all p, q with a < p < q < b (recall Theorem l2.6p . Considering the case = 0, we 
see that \ f{s)\ds < 00, that is, /(s) is locally integrable on (a, 6). Further (a) 
implies (j6.6[) . Thus, for every G Lvm(/Z3AB), 

l-b 



\x\ k{\x\)iy{dx) ^ / /(s) ds / l{ifi^s)\^i/\x\}'^{dx) 



\x\^l 



^ ds {\f{s)x\^ Al) iy{dx) < 00 



and 



h{\x\)iy{dx) = I ds I l{|/(s)|>i/|j;|}i/(da;) 
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^ [ ds [ (|/(s)xp A < cx). 

Ja Jr'^ 

Using an appropriate ly, we see that k{r) and h{r) are finite almost everywhere. 

Step 1. Suppose that J^^ l{/(s)^o}'^'* — oo. Then we have a contradiction exactly 
in the same way as in Step 2 in the proof of Theorem l6.2l Hence l^f^g^^Q-^ds < oo. 

Step 2. Suppose that lim sup^j^Q r~-'^/i(r) = oo. Choose a sequence r„ ^ 1 
decreasing to such that r„~^/i(r„) ^ n. Let p — and 

i^iB) = / A(dO / iBirOr-'pidr) 
Js J{o,i] 

with a finite nonzero measure A on S. Then v G Lvm(/£'AB) but 

„ oc oo 

/ h{\x\) v{dx) = \{S) h{r„)r,-^n-^ ^ X{S) ^ n'^ = oo, 

"'l^l^l n=l n=l 

which is a contradiction. Hence we obtain (16. 5|) . 

Step 3. Suppose that limsup^jQ r fc(r) = oo. Choose a sequence r„ ^ 1 decreas- 
ing to such that r^klrn) ^ n. Define p and v by the same formulas as in Step 2. 
Then v G Lvm(/Z)AB) but 

„ oo oo 

/ |xpfc(|x|) i^(da;) = ACS') ^ r„k{r,,)n-^ ^ X{S) ^ ri^^ = oo, 

"'l^Kl «=1 n=l 

a contradiction. Thus (16.41) is true. □ 



Theorem 6.5. The following statements are equivalent. 

(a) /i?AB(K'') CD"($/). 

(b) /q 1{/(s)#o}'^s < oo and \f{s)\ds < oo. 

Proof. Assume (a). Let v G Lvm(/I?AB)- Then, for any 7^ and 7^ in R"*, /i(o.i/,7i) 
and ^(o,i/,7i) are in D°($/). Recall Theorem l4.2l We see that (|4.2p is true for 7 = 7^ 
and 7 = 7^. Hence |/('S)(7"'^ — 7^)1^5 < 00. It follows that \ f{s)\ds < 00. We 
can prove that fl^ ^{f{s)^a}ds < 00 in the same way as Step 2 in the proof of 
Theorem 16.11 

Conversely, assume (b). Then, I Dab C S°($/) and $/(/Dab) C /-Dab by 
virtue of Theorem 16. 21 Thus, a fortiori, (a) holds. □ 

Remark 6.6. Consider the following conditions: 



ID = S°($/), 


(6.7) 


/i? = S($/,es), 


(6.8) 


I Dab C S)"($/) and $/(/Dab) C I Dab, 


(6.9) 


IDab C S($/,cs) and ^/^csI/D'ab) C /ZJab, 


(6.10) 


/i?AB CD°($/), 


(6.11) 


IZJab cI)($/,cs). 


(6.12) 



Then, it follows from the theorems in this section that 

(f67ll ^ (EH) ^ dSH) ^ ([6T0| ^ (|6JT|1 ^ (|6J2l) . 
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Further, we can show that condition (|6.8p is strictly stronger than condition (|6.10p 
and that condition (|6.10p is strictly stronger than condition (|6.12p . They are proved 
by the use of the analytical expressions of the conditions. Indeed, it is obvious that 
(|6.8p is strictly stronger than (|6.10[) . since there is /(s) on a finite open interval 
(a, b) such that \ f{s)\ds < oo but f{sf'ds — oo. To show that (|6.10|) is strictly 
stronger than (I6.12p . consider the function /(s) in Example 16.71 or [6781 below. 

Example 6.7. Let /(s) be as in Proposition 15.31 fiv). Thus (a.b) — (0,6) with b 
finite and /(s) x as s J, 0. Then, /(s) satisfies (j6.4p and (j6.5p and f{s)ds = 
oo. Hence this f(s) satisfies (I6.12p but does not satisfy (|6.10p . We have shown 
IDab — '^{^f.cs) in Proposition 15.31 We have 

{fi e IDab - */,cs(m) C /Z^ab} 

(6.13) 



= S A* = M(o,i/,7) e /Z^AB : / |a;| log(l/|a;|) i^((ix) < oo ^ . 

[ J\xKl/2 J 

This again shows that $/,cs(Z£'ab) ^ IDab- 

Let us prove (|6.13p . Let n G IDab- Let ? denote the Levy measure of $/_os(Ai)- 
Then 17(5) = Jq ds J^^ lB{fis)x) u{dx). Hence 

\x\V{dx) ^ C2 / ds \s~'^x\l{c-,\s-^x\!il}l'{dx) + C3 

\x\!^l Jo Jr'' 

= C2 \x\i'{dx) / s^^ds + C3^C2 / |x| log(l/|a;|) i/((ix) + C4, 

>.'|x|^c^^so J ci\x\ J\x\^cY^so 

and the converse estimate is similar. 

Example 6.8. Let (a, 6) = (0,6) with 6 finite and f{s) x s~-^(log(l/s))~-^ as s ], 0. 
We can prove that 



S)($/,cs) = {m = M(A,,.,7) e A = and 

|x|(log(l/|a;|))-ii/(da;) < oo} 



(6.14) 



and 

{/i e /Z^ab: «'/,cs(Ai) C /^ab} 



M = M(o.i..7) e ^^AB : / |x|loglog(l/|a;|) i/(dx) < oo 

J|a;Kl/(2e) 



.15) 



It follows from (pTl)) that 

/Z?AB g2)($/,es). (6.16) 

The assertion (I6.15P implies that <I'/,os(Z-Dab) 't IDab, but this fact follows also 

1/2 _____ 

from Jq f{s)ds — oo. Thus, like Example 16.71 this example satisfies (|6.12p and 
does not satisfy (|6.10p . However, property (|6.16p differs from property IDab = 
£>($/,es) of ExampleO 

Let us prove (|6.14p . Let fi ~ /i(A,i/,7)- Then ^ G S)($/^os) if and only if A = 
and (IS21) holds. We have 

cis-i(log(l/s))-i < f{s) < C2S-i(log(l/s))-i 
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for < s < So with ci,C2 > and sq e (0,5 A (1/2)). Now 

ds / i^{dx) = / i/(dx) / l{|^(j,)^|>i}ds 

J|/(s)x|>l J|2;|>1 JO 

+ / iy{dx) [ l{|/(s)j,|>i}ds = /i +/2 (say), 

"/la:!^! Jo 
So r r rso 

ds / \f{s)xfi^{dx) = / i^(dx) / \f{s)x\'^l^if(^s)x\^i}ds 

J|/(s)a:|^l J|2;|>1 

+ / \x\^v{dx) ( f{sfl{\f(s)x\i^i}ds^Ji + J2 (say). 
Both /i and Ji are bounded by so v(dx). We have 

h ^ I v{dx) I l{slog(l/s)<C2|2;|}(^S, 

So 

-2/1 ,/i /„\\-2i 



^2 ^ C2 / |a;| z^(da;) / s (log(l/s)) l{s\og{i/s)^ci\x\}ds, 

Jo 

and similar estimates from below. Then /2 + J2 < cxd if and only if 

|a;|(log(l/|x|))"V((ix) < 00, 



x|^l/2 

since, letting u = slog(l/s), we have du/ds — log(l/s) — 1 ^ log(l/M) as s | 
(equivalently, as u | 0), and since, as r- J, 0, 

l{siog(i/s)<r}C?s - y (— j dw-y (log(l/u))"Mu - r(log(l/r))-i 
and 



s 



(log(l/s)) '^l{s\og(i/s)-^r}ds ^ u {^j^ du 
u-^'^{\og{l/u))-^du - r-i(log(l/r))-i 



with a small number £ > 0. 

Proof of ([QS]) is as follows. Let n £ JDab- Then ^ e S(*/,os) from ([OI]) . For 
the Levy measure v of any distribution in $y,cs(/i), we have 

/ \x\v{dx) ^ / C2\x\v{dx) j S~\l0g(l/s))~^l{3iog(l/s)^ci|2;|}ds + C3 

JE'' Jo 

= /l +/2 +C3, 

where /i and I2 are the repeated integrals with the integration over replaced by 
that over {\x\ > 1} and {|x| ^ 1}, respectively. Then 

Ii =^ Cj^^C2 / i>{dx) I ds < 00 

J\x\>l Jo 

and, with u = slog(l/s) and some e > 0, 
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~ / u~^(log(l/u))"^du - loglog(l/r) 

J r 

as r I 0. Hence, /2 < oo if and only if 

/ |a;| loglog(l/|a;|) < oo. 

J\x\<^l/{2e) 

The estimate of ^^^^^^\x\i'{dx) from below is similar. 

Example 6.9. Let ga{u) = v^'^^^e^^dv for u € (0, oo) with a G M. Let ba — 
50(0+). Thus ba — r(— a) for a < and 6q, = 00 for a ^ 0. Consider (0, as 
(a, 6). Let u = /q(s), s G (0, be the inverse function of s = gdu), u G (0, 00). 
Then /q(s) strictly decreases from 00 to as s goes from to 6q. We have 

/q(s) log(l/s) as s i for a e R, 

as Proposition 1.1 of (2006b) says. It follows that, for f = fa with a < 0, (|6.7p - 
(|6.12p hold. For 0, Proposition 1.1 of (2006b) shows that, as s j 00, 

fo{s) ^ ce^^ with a constant c > 0, 

fa{s) - (as)-i/" for a > 0, 

/i(s) = s^^ - s"^ logs + o(s"^ logs). 

The five domains in Theorem 14. 31 for f ~ fa on (0, 00) with a ^ are described in 
(2006b), Theorems 2.4 and 2.8. The case a = 1 is a special case of Example 14.51 
We have /-i(s) = log(l/s) for s € (0, 6_i) = (0,1). This case {a = —1) was first 
introduced in Barndorff-Nielsen and Thorbj0rnsen (2002) with the notation T for 
^f_i and explored by Barndorff-Nielsen, Maejima, and Sato (2006) in connection 
with the Goldie-Steutel-Bondesson class B{R'^) and the Thorin class T(R'^). 

Example 6.10. Let gp,a{u) = {T{a - (3)y^ /J(l - v)"-'^-^v-"-'^dv for u £ (0, 1) 
with —00 < (3 < a < 00. Let b^.a = 5/3,a(0+), which equals r{—a)/T{--f3) for 
a < and 00 for a ^ 0. Let u = ff3^a{s), s G (0, 6^_q,), be the inverse function of 
s = gp,a{u), u G (0, 1). Then //3,q(s) strictly decreases from 1 to as s goes from 
to 6/3_Q,. Now Proposition 1.1 of (2006b) says that, as s f 00, 

//3,o(s) ~ cpe^^'^^^^'^ with a constant C/j > for /3 < 0, 
//3,c(s) - iaT{a - /3)s)-i/" for a > and P < a, 
(s) = (r(l -/3))-h-^+ /3(r(l - f3)y^s-^ log s + o{s-^ log s) for /3 < 1. 

From these behaviors Theorems 2.4 and 2.8 of (2006b) show that the five domains 
in Theorem 14.31 for / = fp^a on (0, 00) with a ^ do not depend on f3 and are the 
same as those for f — fa on (0, 00). We have /_i,o(s) = and thus „ equals 
$ of Example l4.6l The family {<&/^ „ } has a close connection with the family } 
in Example 16.91 Namely, Theorem 3.1 of (2006b) proves that 

= = for -00 < /3 < a < 00, 

including the equality of the domains of both sides. A special case of this equality 
with a = and f] — ~1 is given in Barndorff-Nielsen, Maejima, and Sato (2006). 

At the end of this section, let us consider the case where £'(<I>/_es) is very small. 
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Theorem 6.11. X)(<i>/^os) equals the class {Sj-. 7 £ R'^} if and only if 

f{s) is locally integrable on {a,b) and / (/(s)^ A l)ds = oo. (6-17) 

J a 

Notice that /^(/(s)^ A l)ds = 00 implies jj^ f{s)^ds — 00 and 6 — a = 00, but 
that the converse is not true. For example, consider (a, b) = (0, 00) and f{s) ~ 

Er=l"-l[n,n+n-2)(s)- 



Proof of Theorem \6.11\ We use Theorems 12.61 and 13.61 

The "only if part: The function f{s) is locally integrable on {a,b), since / £ 
L(a,&)(X(^)) for any fi — S-y with 7 G R'*. Further /^^(/(s)^ A l)(is = 00, because 
otherwise /i = M(o.i/,o) with = (Ja;^, |xo| = 1, belongs to £)($/,cs). Hence ()6.17p 
holds. 

The "if part: Let ^ = ^(^,1^.7) € S)(<i>/,cs)- Then A = 0, since J^^ f{s)'^ds = 00. 
If 7^ 0, then we have, using < c ^ 1 such that > c}) > 0, 

00 > f ds f {\f{s)x\^ M)i^(dx) ^ f '^^ f ((/(5)^c2) A 1) 

Ja Ja J\x\>c 

r-b 

„2 / ,J^„\ I l-t(„\2 



^ c' / v{dx) / {f{sY A 

^ |a; I >c J a 

which contradicts (|6.17p . Hence /i = 5^. Conversely, any ^ = (5-^ is in J)($/_os)- D 

Remark 6.12. (i) D($/.c) = {(5.^ : 7 € K''} if and only if (PT7| holds. 

(ii) = {(5.^ : 7 G W^} if and only if (l6Tfl) holds and < 00. 

(iii) = {(5-y: 7 e W^} if and only if ({07)) holds and /(s)ds exists in 

M. 

(iv) = {(5o} if and only if f^{f{sf A l)(is = 00 and \f[s)\ds ^ 00. 

(v) Assume that f{s) is locally integrable on (a, 6). Then, = {(5o} if and 
only if fl^ifis)^ A l)ds = 00 and J^' f{s)ds is not convergent in R as p | a and q '] b. 

These facts are proved similarly to Theorem 16.111 Use i' = S^o + (J-^o with 
|a;o| = 1 instead of v — Sxg- 

Example 6.13. Let (a, 6) ~ {a, 00) with a finite. Suppose that J^f{s)^ds < 00 for 
all t e (a, 00) and that /(s) x s"-'^/" as s ^ cxd. If a ^ 2, then 

D°(a>/) = D(<f>/) = {60} g 2)($/.c) - 2)($/,c.) = {-J^: 7 e 

7. The t-measure of function / 

Let us define the r-measure of /. Functions /(s) and fj{s) in the following are 
R-valued. We fix the dimension d in J£)(M'^). 

Definition 7.1. Let /(s) be a measurable function f{s) on (a, 6) with —00 ^ a < 
b ^ 00. Define a measure r on R as 

t{B) f l{/(,)eB}ds, B e Z?R. (7.1) 

^ a 

We call T the r-measure of function /. 
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It follows from (|7?T|) that 

hiu)T{du) = / h{f{s))ds (7.2) 



for all nonnegative measurable functions h on R. 

We discuss two questions. The first is whether the r-measure r of / determines 
the domain S(<i>j) and its variants. The second is under what conditions a given 
measure r is the r-measure of some /. 

Theorem 7.2. Suppose that fi{s) and /2(s) are measurable functions on (ai,5i) 
and (a2, 62), respectively, with identical r-measure. Then, 

=S)" (7.3) 

*/i(a*) = */.(a*) /or anMeS"(<i>/J=D°(<I>^J, (7.4) 

D(ci>/„e.)=S)($/,,cs), (7.5) 

*/i,cs(/i) = $/2,es(M) /or aZ/^ G D($/i,cs) = £>($/2,os)- (7.6) 
Proo/ It follows from jOl) that, for any fi e ID{R'^), 

\CMis)z)\ds^ / |Cp(uz)|T(du) for j = 1,2, z e M''. 



Hence we obtain (|7.3p from Definition 14.11 

Proof of dH- Let n e S°($/J = D°($/J. We have J^\Cf,{uz)\T{du) < 00. 
Hence Cfj,{fj{s)z) is integrable on {aj,bj) and it follows from (|7.2|) that 

CtJ.{fj{s)z)ds = / C^{uz)T{du). 



Denote /ij = ^f.{ii). Then 



Cp^.(z)= hm f CMs)z)ds ^ I C^{J,{s)z)ds. 



Thus ^1—^2- 

Proof of (1731). Notice that 



J ' fjisftiAds = J M^trAr(du) 



ds / (|/j(s)x|^ A l)z^(da;) = / T{du) / (|ux|^ A 1) zy(da;) 



6,- 



Use Theorem [ 

Proof of (TTel). Notice that 



/j(s)2Ads= / u'^Aridu), 
ds / lB{fj{s)x) ^{dx) — / T((iu) / lB{ux)v{dx) 

J JR<i JR JR'i 

for B e Bim."^) with ^ B, and use Theorem [SUl □ 
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Proposition 7.3. (i) There are measurable functions /i(s) and /2(s) on (0, oo) 
with identical t -measure, such that !D($^j) ^ D^^f^). 

(ii) There are measurable functions fi{s) and /2(s) on (0, oo) with identical r- 
measure, such that $yj(/i) ^ ^f^^fi) for some /i G X'(<f>/j) HTl^^f^). 

Proof. We prove (i) and (ii) togetlier. In the following f^ serves as /2 in (ii). Let 
/i(s) = s~^sins for s G (0,oo). Let c„ = J^^^^'^^'^^ s^^ sin s ds. Then 

oo 



/ f,{s)ds^Y. 

JO .,_n 



TT 

Cn — 

n=0 



Let J2m=o "^"i ^ rearrangement of X^^o (that is for each m there is a unique 
n such that dm ~ c„, and for each n there is a unique m such that c„ — dm), 
such that X]m=o ~ X]m=o ^™ * rearrangement of X]^o such that 

X^m=o^'" = 0. Those rearrangements exist, since X]^o convergent but not 
absolutely. Define f2(jnn + s) = fi{mr + s) for < s ^ tt if dm c„. Similarly 
define f^(rm: + s) = fi{mr + s) for < s ^ tt if e™ = c„. Then /i, /2, and /a have 
an identical r-measure r. We have 

/ f2{s)ds ^ dm ^ OO and / f3{s)ds = ^ e™ = 0. 

•^0 m=0 ?ri=0 

Notice that fj{s)^ds = J^u'^T{du) < oo for j — 1,2,3. Now consider fi = 
M(A,i/,7) with V symmetric and 7 7^ 0. Use Theorems 13.51 and 13.101 Then we see 
that /i belongs to S)($/i) and T>{^f^), but not to ©(^/J; ^f\{n) and ^f^in) have 
a common Gaussian part and a common Levy measure, but the location parameter 
of <i>/j(/i) equals (7r/2)7 and that of ^f^{fi) equals 0. □ 

Proposition 7.4. Suppose that fi{s) and /2(s) are measurable functions on (ai, hi) 
and (02,62), respectively, with identical T-measure r and that t(R \ {0}) < 00 and 
Jjg^u^T{du) < 00. Then, 

D°(%)=D°(<I>/J=/D(R'') (7.7) 

and 

^j^(^) ^q>j^(^) for all fie I D{R'^). (7.8) 

Proof. Since 

l{/,(.)^o}rfs = r{R \ {0}) and / ' f,{s)^ds = / wV(du), 



we can apply Theorem 16. II to show (|7.7p . We obtain (|7.8p from (|7.4p of Theorem 
[7:21 □ 

Example 7.5. Let r be a measure on M with t(R) = 6 < 00 and let ^(u) = t((w, 00)). 
Assume that g{u) is continuous and strictly decreasing from & to as w moves from 
— 00 to 00. Let u — f{s), s G (0, 6), be the inverse function of s = g{u). Then f{s) 
is continuous and strictly decreasing from 00 to —00 as s moves from to b. The 
measure r is recovered as the r-measure of /, since 

t{{ui,U2]) = g{ui) - g{u2) ^ \{u2).g{u,)){s)ds ^ l(„^^„^](/(s))ds 

Jo Jo 

for Ml < U2. 
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For example, let r be standard Gaussian distribution on R. Then u ~ f{s), 
s G (0, 1), is the inverse function of s = g{u) = (2t:)^^I'^ e^^ /^du, w G R, and 
Proposition 17.41 applies. These t and / are considered by Aoyama and Maejima 
(2007). They show that the range : ^ e /D(R'^)} is the class of multivariate 

type G distributions introduced by Maejima and Rosihski (2002). 

Example 7.6. Let t be a measure on (0, oo) with total mass b ^ oo such that 
g{u) — r((M, oo)), u > 0, is finite, continuous, and strictly decreasing from 6 to as 
u moves from to oo. Let u = /(s), s G (0, 5), be the inverse function of s = g{u). 
Then /(s) is continuous and strictly decreasing from oo to as s moves from to 
h. The measure r is the r-measure of /. The pairs ga{u) and /q(s) with a e R 
in Example 16.91 are special cases; in particular, if a < 0, then the r-measure is 
F-distribution (with parameters —a, 1) multiplied by F(— a) and Proposition 17.41 
applies. For another example, if r is Mittag-Leffler distribution with parameter 
a E (0, 1) (see Example 24.12 of Sato (1999)), then it satisfies the condition above 
and Proposition 17.41 again applies (r has finite moments of all orders as is shown 
in p. 74 of Barndorff-Nielsen and Thorbj0rnsen (2006b)), the corresponding <&/ is 
studied by Barndorff-Nielsen and Thorbj0rnsen (2006a) with notation T". 

We introduce some conditions on / and r. 

Definition 7.7. We say that a function /(s) on (a, b) satisfies Condition (A) if 
/(s) is decreasing, left-continuous, not constant, and 



The left-continuity in Condition (A) is inessential in the following sense. If 
f{s) satisfies Condition (A) except the left-continuity requirement, then the left- 
continuous modification f^{s) defined by f~{s) = /(s— ) satisfies Condition (A) 
and, for aU /.t e /D(R'^), 



because f{s) — f (s) except for at most countably many s. 

Definition 7.8. We say that a measure r on R satisfies Condition (B) if r is 
not identically zero and if, for a' = inf Supp(r) and b' = supSupp(r), t has the 
following properties: 



Theorem 7.9. (i) Let — oo ^ a < b ^ oo. If f{s) is a function on (a, 5) satisfying 
Condition (A), then the r-measure t of f satisfies Condition {B). 

(ii) If T is a measure on R satisfying Condition {B), then there are an interval 
{a,b) with — oo ^ a < 6 ^ oo and a function f{s) on (a, 6) satisfying Condition [A) 
such that T is the t -measure of f . 

Assertion (i) of this theorem is straightforward from the definitions of Conditions 
{A) and {B). In order to show (ii), we prepare a lemma, which is an extension of 
Lemma 7.1 of Meyer (1962). 



inf f{t) < f{s) < sup f{t) for all s G (a, 5). 

t&(aM) te{a.b) 



(7.9) 




/ {s)X^^^{ds) whenever a < p < q < b. 



a < b , 

r((p, q)) < oo whenever a' < p < q < b' , 
either a' — — oo, or a' > — oo and T{{a'}) — 0, 
either b' — oo, or fe' < oo and T{{b'}) — 0, 



(7.10) 
(7.11) 
(7.12) 
(7.13) 
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Lemma 7.10. Let — oo ^ A' < B' ^ — oo and let G{u) be an R-valued, increasing, 
right- continuous function on {A',B') which is not a constant function. Let 

A = inf G{u) and B = sup G{u). (7.14) 

ue(A'.B') ueiA'.B') 

Define 

F{s) = M{u e iA',B'): G{u) > s} forse{A,B). (7.15) 
Then F{s) takes values in {A',B') and is increasing and right- continuous and 

G{u):^mi{se{A,B): F{s)>u} (withmflb^B) for u e (A' , B'). (7.16) 
Moreover, for any nonnegative measurable function h{u) on [A' ,B'), 



h{u)dG{u)^ / h{F{s))ds. (7.17) 

Proof. It is clear that F{s) is (^', i3')-valued and increasing. For s € {A,B) we 
have F(s) ^ F(s+). If F(s) < F{s-\-), then there is r such that F(s) < r < F{t) for 
all t e (s, B) and thus G(r) > s and G(r) < t for all t e (s, B), which is impossible. 
Hence F{s) is right-continuous. Extend F{s) to F{s) on [A, B] by 

F(s) = inf{u e (A',S'): G{u) > s} (with inf = B'). 

Then -F(s) is [A' , i?']-valued, increasing, and right-continuous. For any u G {A' , B'), 

F{G{u)) = ini{v G {A\ B') : G{v) > G{u)} ^ u 

and hence F{G{u -\- e)) ^ u + e for all small e > 0, from which it follows that 
inf {s e [A, B] : F{s) > u} is ^ G{u + e), hence ^ G{u). We now have 

G{u) = inf{s e [A, B] : F{s) > u} for u e {A', B') (7.18) 

because, if not, there is r such that G{u) > r > mi{s G [A, B] : F{s) > u} and thus 
F{r) > u showing that G{u) ^ r, which is absurd. The right-hand side of (|7.16p 
equals the right-hand side of (|7.18p for all u G {A',B') because, if not, then for 
some u G {A', B') and t G {A, B) 

mi{s G {A, B) : F{s) > u} > t > inf{s G [A, B] : F{s) > u}, 

which implies F{t) ^ u and F{t) > w, a contradiction. Therefore (|7.16p is true. 
For any v G (A',B'), 

l(A',«](u)dG(u) = / dG{u) = G{v)-G{A'+) = G{v)-A 

{A',B') ' J{A',v] 

and 

^iA'.v]{Fis))ds = l{Fis)^v}ds 

{A,B) J{A,B) 

= mi{s G {A, B) : F{s) >v}-A = G{v) - A 

(note that if F{s) > v for aU s G {A, B), then A = G{v) > -oo by (fTTC)) ). Hence 
([7T7)1 holds for h = 1(a',v] with v G (A',B'). Therefore (fTTTl) holds for general 
h. (In this lemma the roles of G{u) and F{s) are not symmetric, as we do not 
necessarily have A' — infsg(yi.s) F{s) and B' = sup^g^^^^ O 
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Proof of Theorem \7.9\ (ii). Suppose that r satisfies Condition (B). Fix a point 
c e (a', 6') and define A' = a', B' = 6', and 

{r((c, u]) for c < u < B', 

for w = c, 

— t((u,c]) for A' < It < c. 

Tfien G{u) is finite, increasing, right-continuous, and not constant. Now we apply 
Lemma FTTUl Let A, B, and F{s) on s e {A,B) be defined by (fTTi)) and ((7T5)) . 
Then ^ = -r((A',c]), i? = r((c, i?')), and F(s) is (A', i3')-valued, increasing, and 
right-continuous. Let a = —B, b = —A, and f{s) ~ F{—s) for s € {a,b). Then 
f{s) is {A' , i3')-valued, decreasing, and left-continuous. We claim that f{s) satisfies 
Condition (A). If f{s) is constant, then, for some uq G {A',B'), F{s) = uq for all 
s e {A,B), and hence (use (|7.15p ) G{ua) ^ B = t{{c,B')), which contradicts 
Condition (B). Thus /(s) is not constant. Let us show (|7.9p . that is, 

inf F{t)<F{s)< sup F{t) ioTse{A,B). (7.19) 

li A' <u< B', then A < G{u) < B hy Condition (B). We have G{A'+) = A and 
G{B'-) = B. Hence, using ([7l^ . we obtain F(A-H) = A' and F{B~) = B'. Thus 
(|7.19p follows, since A' < F{s) < B' for s e {A,B). Hence f{s) satisfies Condition 
(A). For any nonnegative measurable h, 

[ h{f{s))ds^ [ h{F{~s))ds= [ h{F{s))ds 

= [ h{u)dG{u) = ( h{u)T{du) ^ [ h{u)T{du) 

J{A',B') J{a'A') Jm 

by virtue of (|7.17p and Condition (B). Therefore r is the r- measure of /. □ 

Example 7.11. The pairs of / and r in Examples l7. 51 and 17. 61 satisfy Conditions {A) 
and (B). If r is the probability measure with distribution function equal to Cantor 
function, then r satisfies Condition (B) and the fimction / associated in Theorem 
17.91 with Condition (A) increases only with jumps. 

8. Transformations of infinitely divisible distributions 
ON proper cone 

A subset K of R"* is called a cone if it is a nonempty closed convex set such 
that (1) X G K and a ^ imply ax G K and (2) K ^ {0}. If, moreover, x G K 
implies ~x ^ K, then K is called a proper cone. For example, i^T is a proper 
cone in M if and only if K is either [0, oo) or (— cx), 0]. In M^, X is a proper 
cone which is nondegenerate (that is, not contained in any one-dimensional linear 
subspace), if and only if there are linearly independent x*-^^ and x^^^ such that 
K — {aix'^^^ + a2x'^^^ : ai ^ and a2 ^ 0}. In M"^, there are many proper cones 
such as triangular cones and circular cones. If K is the set of (xj)i^j^3 such that 

f Xi X3\ 

is nonnegative-definite, then K is linearly isomorphic to a circular cone in R'^; see 
Pedersen and Sato (2003). 
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In this section let K he a proper cone in R''. Let ID{K) denote the class of 
infinitely divisible distributions supported on K (that is, Supp(/i) C K). 

Proposition 8.1. Let ji = /i(A,;^,7) be in ID{M.'^). Then /i G ID{K) if and only if 
^ is of type A or B, Supp(i^) C K , and the drift 7" is in K . 

This proposition is given in Skorohod (1986) and also in E22.il of Sato (1999). 

Let Lvm(/£'(A')) denote the class of Levy measures of infinitely divisible distri- 
butions supported on K. That is, lj^im{ID{K)) is the class of measures v on 
satisfying i'({0}) = 0, Supp(z^) C K, and ^j^{\x\ A l)v(dx) < 00. 

Now let— cxD^a<5^oo. Let / be a nonnegative measurable function 
on (a, 6). The following propositions are the counterparts of Theorem 12.101 and 
Theorems [3T5l [Ol lOl and [631 



Proposition 8.2. Let 11 e ID{I'C). Let f{s) he a nonnegative, R-valued measurable 
function on (a, 6). Then the following two statements are equivalent. 

(a) /eL(„,b)(X(A')) and 

^{^f f'^^^^^^^^^-'^^^ ^ ^^'^^^ for allp,q witha<p<q<b. (8.1) 

(b) The Levy measure v and the drift of fi satisfy ()2.14|) and ()2.15|) . 

Proof. Assume (a). Then we have (b), using Theorem l2.10l 

Conversely assume (b). Theorem l2. 101 says that / £ 'L(^a.b){^'"^^) and that (|2.13[) 
is true. Let (A, 1^,70)0 and (A?, (70)9)0 be the triplets of and ^'^ f{s)X'^t'\ds), 
respectively. Then A"^ — from (|2.13p and, using Proposition 18. H we obtain 
Supp(i/) C K from (|2.1ip and (7")^ G K from (|2.16p since / is nonnegative and K 
is a cone. Hence (18.11) is true. □ 



Proposition 8.3. Let 11 G ID{K). Let f G 'L(^a.b){X^^^) and / ^ 0. Then 'Pjin) 
is definable and $/(/i) G ID{K) if and only if statement (b) of Theorem \3.15\ is 
true. 

Proof Use Theorem [XH] The "only if part is because ID{K) C /-Dab- For the 
"if part, use Proposition l8.1l and assumption / ^ 0. □ 



Proposition 8.4. Let /(s) be a nonnegative, R-valued measurable function on 
(a, 6). Then the following statements are equivalent. 

(a) ID{K) C £»"(«>/) and ^}{ID{K)) C ID{K). 

(b) ID{K) C D(«'/,os) and, for any ^ G ID{K), $/>s(/i) H ID{K) / 0. 
/a l{/(s)#o}rfs < 00 and f{s)ds < 00. 

Proof, (c) ^ (a): Using ThcorcmlUa we have ID{K) C /Dab(K'') C D"(*/) and 
^}{ID{K)) C $/(/L»ab(K'')) C IDabO^'^)- For any fi G ID{K), Jl = <S>f{fi) is not 
only in LDab but also in LD{K) because / > (use <\?>.1\ and (|3.12|) 1. 

(a) (b): Obvious since 2D°($/) C 2)($/,es). 

(b) ^ (c): We have, from Theorem 13. Ill 

ds [ {\f{s)x\ A I) v{dx) < 00 for aU G Lvm(/D(ii')). (8.2) 
Jk 

Hence the proof is similar to that of the corresponding part of Theorem l6.2l freplace 
the unit sphere Shy Kr\S). □ 
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Proposition 8.5. Let f{s) be a nonnegative, R-valued measurable function on 
(a, 6). Then ID{K) C S)($/_os) if and only if statement (b) of Theorem \6.4\ is true. 

Proof. The "if part: Obvious from Tlieorem 16.41 
Tlie "only if part: It follows that 

' ds [ {\f{s)x\^ A 1) i^{dx) < oo for aU ly e Lvm{ID{K)). (8.3) 

Hence we can make a discussion similar to the corresponding part of the proof of 
Theorem lOl □ 



Proposition 8.6. Let f{s) be a nonnegative, M.-valued measurable function on 
(a, b). Then ID{K) C D^{'^ f) if and only if statement (b) of Theorem \6.5\ is true. 



Proof. The "if part follows from Theorem 16. 51 The "only if part is similar to the 
corresponding part of the proof of Theorem 16.51 □ 

9. Transformations of Levy measures 

Fix — oo ^ a < b ^ oo and the dimension d. Let f{s) be an M-valued measurable 
function on (a.b). 

Definition 9.1. For a measure on M*^, let j/" be the measure given by 

J{B)= [ ds [ lB{fis)x)iy{dx), B£B{W^). (9.1) 

U e Lvm(/L»(M'')) and if [v%d\^Q^, the restriction of i^^ to R'' \ {0}, is in 
Lvm(Ji?(K'^)), then define 

^fiiy) = W%.\[o}- (9.2) 
The domain D{'i'f) of f is defined as 

S(*/) = {iy£ hYm{ID{R'')): [v%d\io} € Lvm(/i:>(M'*))}. (9.3) 

Since 

h{x)J{dx)^ [ ds f h{f{s)x)lR,\[o}if{s)x)iy{dx) (9.4) 



'R''\{Q} 

for all nonnegative measurable functions h on M"^, a measure on R'^ belongs to 
S)(*/) if and only if j^({0}) = 0, Jjg,di\x\'^ A l)v{dx) < oo, and 

' ds [ (|/(s)x|2 A l)i^(dx) < oo. (9.5) 



The following theorem shows a close relationship between the transformation 5* j 
and the essential improper integrals. 

Theorem 9.2. Assume that f is locally square-integrahle on (a, b). Let v and v be 
in Lvm(J£)(M'')). Then the following statements are equivalent. 

(a) 1/ e D(*/) anrf = */(t/). 

(b) If ^1 £ IDq{R'^) has Levy measure v, then fi belongs to 2D(<i>/,os) and any 
distribution in ^f^^silJ-) has Levy measure v. 

Proof. Use Remark l2.8l and Theorems 13 .6] and 13 .111 The assumption of local square- 
integrability of / on (a, b) is needed because the theorems in Section 3 presupposes 
that/GL(,,,)(X('')). □ 
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We give some results similar to those in Sections 6 and 8. 



Proposition 9.3. The following statements are equivalent. 

(a) Lvin{ID{R'^)) = 

(b) la ^{f{s)^o}ds < oo and jj^ f{sfds < co. 

Proof. Statement (a) is equivalent to saying that any ly G LvmilDiW^)) satisfies 
(19. 5p . If (b) is true, then (a) follows from Theorem 16. II Conversely, if (a) is true, 
then we obtain (b) exactly in the same way as in Steps 1 and 2 in the proof of 
Theorem 16.11 (here we cannot directly apply this theorem, as we do not assume 
/ S L(ah')(X(^^) and we cannot use Theorem 13.61 in order to say that (a) implies 

/Do Ci)($/,es)). □ 

Proposition 9.4. The following statements are equivalent. 

(a) Lvm(/i:iAB(K'')) C and */(Lvm(/DAB(K''))) C Lvin{IDAB(R''))- 

(b) la l{/(s)5^o}C?s < CO and J^^ \f{s)\ds < oo. 

Proof. Theorem 16 . 2 1 tells that statement (b) is equivalent to condition (b) of Theo- 
rem [6]2l Hence, if statement (b) is true, then statement (a) follows. Conversely, if 
statement (a) is true, then we obtain statement (b) as Steps 1 and 2 in the proof 
of Theorem 16^ work. □ 



Proposition 9.5. The following statements are equivalent. 

(a) Lvm(/£iAB(K'^)) C 

(b) 1{^(s)^o}'^'S < oo and (|6.4p and (|6.5p hold. 

Proof. If (b) is true, then (a) follows, as the proof of (|6.6p in the first half of the 
proof of Theorem 16.41 works. If (a) is true, then (b) is true as in Steps 1, 2, and 3 
of the second half of the proof of Theorem 16.41 □ 

Proposition 9.6. The following statements are equivalent. 

(a) consists only of the zero measure. 

(b) 1^/(^)2 A l)d5 = ^. 

Proof. Almost the same proof as that of Theorem 16.111 works . □ 

Proposition 9.7. Let K be a proper cone in M''. Assume that f{s) is nonnegative. 
Then 

Lvm{ID{K)) C £»(*/) and ^ f{Lvm{ID{K))) C Lvm{ID{K)) (9.6) 
if and only if statement (c) of Proposition is true. 



Proof. If (c) of Proposition [13 is true, then (b) of Proposition [53 is true and (|9.6p 
holds. Conversely, if (j9.6p holds, then (c) of Proposition [83 is true by an argument 
similar to the corresponding part of the proof of Theorem 16.21 □ 



Proposition 9.8. Let K be a proper cone in M"*. Assume that f{s) ^ 0. Then 

LviJi{L D{K)) CD i^^f) (9.7) 
if and only if statement (b) of Provosition \9.5\ is true. 



Proof. The inclusion (|9.7p is equivalent to (|8.3p . Hence the proof is similar to that 
of Proposition [931 □ 
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Using the r-measure t of f introduced in Section 7, we can express the transfor- 
mation f as in the foUowing proposition. If we restrict our attention to measures 
T on (0, oo), the transformation in this form is identical with the transformation 
discussed by Barndorff-Nielsen and Perez- Abreu (2005) under the name of Upsilon 
transformation T^-; it is caUed a generahzed Upsilon transformation in Barndorff- 
Nielsen and Thorbj0rnsen (2006b). Their studies are being made in Barndorff- 
Nielsen and Maejima (2007) and Barndorff-Nielsen, Rosinski, and Thorbj0rnsen 
(2007). 

Proposition 9.9. Let r be the r-measure of f . Then, v G £)(^'^) if and only if v 
is in Lvm{ID{M.'^)) and satisfies 

T{du) {\uxf Al)i^{dx) < oo. (9.8) 
Jr Jr'' 

Ifve T){^f ), then, for B G B^a\^Q}, 

{^f{v)){B)= I T{du) I lB{ux)v{dx)= I v\-B]T{du). (9.9) 

JR JwL<^ Jr\{0} \U J 

Proof. Immediate from (fr2|) . ([9?5|) . and Definition [9lTJ □ 
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